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Abstract - We construct a new isomorphism between the endomorphism alge- 
bra of an induced cuspidal character sheaf and the group algebra of the relative 
Weyl group involved. We show it differs from the isomorphism of Lusztig by a 
linear character, and we relate this linear character to some stabilizers. Some 
consequences for characteristic functions of character sheaves are obtained. In 
the forthcoming second part, we will compute explicitly this linear character 
whenever the cuspidal local system is supported by the regular unipotent class 
and, as an application of these methods, we obtain a refinement of Digne, Lehrer 
and Michel's theorem on Lusztig restriction of Gel'fand-Graev characters. 

MSG Classification. 20G40 

General introduction 

A theorem of Digne, Lehrer and Michel says that the Lusztig restriction of a Gel'fand- 
Graev character of a finite reductive group is still a Gel'fand-Graev character [DLM2, 
Theorem 3.7]. However, an ambiguity remains on the character obtained (whenever the 
center of G is not connected, there are several Gel'fand-Graev characters). The original 
aim of this series of two papers was to resolve this ambiguity. For this, we needed to study 
more deeply the structure of the endomorphism algebra of an induced cuspidal character 
sheaf : for instance, we wanted to follow the action of a Frobenius endomorphism through 
this algebra. 

This led us to this first part, in which we develop another approach for computing 
explicitly this endomorphism algebra. One of the main goals is to construct another iso- 
morphism between this endomorphism algebra and the group algebra of the relative Weyl 
group involved (one was already been constructed by Lusztig [Lu2, Theorem 9.2]). In the 
case where G is symplectic or special orthogonal, this new isomorphism was constructed 
and computed explicitly by J.L. Waldspurger [Wa, §VIII.8]. 

By comparing the isomorphisms, we get some immediate consequences for finite reduc- 
tive groups. Note that the results of this part are valid for any cuspidal local system 
supported by a unipotent class and have a chance to be useful for computing values of 
characters at unipotent elements. 

In the second forthcoming part, we will restrict our attention to the case where the cusp- 
idal local system is supported by the regular unipotent class. We are then able to compute 
explicitly the generalized Springer correspondence through this new isomorphism. This 
result is valid only for p good. As an application of these (sometimes fastidious) compu- 
tations, we get the desired more precise version of Digne, Lehrer and Michel's theorem. 
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It must be said that this final result is valid only when the cardinality of the finite field 
is large enough. 

Introduction to the first part 

Let G be a connected reductive group defined over an algebraically closed field F, let 
L be a Levi subgroup of a parabolic subgroup P = L.V of G, let C be a unipotent class 
of L, and let f G C. We first explain how the action of the finite group Wc,(L,C) = 
A^g(L, C)/L on some varieties introduced by Lusztig [Lu2, §3 and 4] can be extended "by 
density" to some shghtly bigger varieties (see §2). We then generahze this construction to 
extend the action ofWG(L,v) = Ng(Ij. v)/C^{v) to other varieties covering the previous 
ones (sec §3.B). One of our goals is to determine the stabilizer H of an element lying over 
a representative u of the induced unipotent class of C (we choose u in v\). 

Whenever Ci,{v)/Cl{v) ~ Cg{v)/C^{v), then Wg{'L,v) = W^{L,v) x Aj^{v) (where 
AM = Cj,{v)/Cl{v) and W^{L,v) = NdL) n C°g{v)/CI{v)). If moreover CgIi^) cP, 
then we show that there exists a morphism (p^^ : Wq(L,v) — > Ai,{v) — C-l,{v)/CI{v) 
such that 

H = {{w,a) e W^iL,v) X AM \ a = v^£,(«;)} 

(see §3.C and 3.D). We also provide some reduction arguments to compute explicitly the 
morphisms ip^^^ (see §4). 

Prom §5 to the end, we assume that C supports a cuspidal local system £ (we denote 
by ( the character of the finite group Ai^{v) associated to S). Let K denote the perverse 
sheaf obtained from the datum {C,S) by parabolic induction [Lu2, 4.1.1], and let A 
denote its endomorphism algebra. In this case, Wg(L,C) is equal to lyG(L) (by [Lu2, 
Theorem 9.2]) and is isomorphic to Wq(L,v). Lusztig [Lu2, Theorem 9.2] constructed 
a canonical isomorphism O : Q^M q(L. u) A. The aim of §5 is to construct another 
explicit isomorphism 0' : Q(^W^(Ij,v) A using the varieties previously introduced in 
§3. It turns out that and 0' differ by a linear character off,, (see Corollary 6.5). For 
computing explicitly this linear character, one could use the characterization of Lusztig 
in terms of the action on the perverse sheaf K. We skip this difficulty by using work 
done in the previous sections : we show that the linear character ^ is known whenever 
the morphism is known. (Indeed, the fact that C supports a cuspidal local system 
implies that Ai^{v) = Ag{v) and Cg(m)cP, so that the morphism ip^^ is defined : see 
Theorem 5.4.) They arc related by the formula 7^^,^ = ^(iy(C ° 'P^v) (which means that, 
in this case, ip^^^ has values in the center of the character (). 

In §8, we assume further that F is an algebraic closure of a finite field and that G 
is endowed with a Frobenius endomorphism. We then explain what kind of refinements 
may be obtained by using the previous results about characteristic functions of character 
sheaves. 

Whenever G is special orthogonal or symplectic, then the linear character 7l|v,(^ has 
been computed directly (without using explicitly the morphism p^^) by J.L. Waldspurger 
[Wa, Lemma VIII. 9]. In the future part II, we will assume throughout that v is regular. 
Under this hypothesis, we will compute explicitly the morphisms even when C does 
not support a cuspidal local system. We then follow Digne, Lehrer and Michel's method : 
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knowing ^ and from the explicit nature of the isomorphism 0', we get a shghtly more 
precise version of their theorem on Lusztig restriction of Gel'fand-Graev characters. 



Notation 

Fields, varieties, sheaves. We fix an algebraically closed field F and we denote by p 
its characteristic. All algebraic varieties and all algebraic groups will be considered over 
F. We also fix a prime number i different from p. Let denote an algebraic closure of 
the £-adic field Q^. _ 

If X is an algebraic variety (over F) , we also denote by the constant £-adic sheaf as- 
sociated to (if necessary, we denote it by (Q^)x)- By a constructible sheaf (respectively 
a local system) on X we mean a constructible Q^-sheaf (respectively a Q^-local system). 
Let DX denote the bounded derived category of constructible sheaves on X. li K e X>X 
and i e Z, we denote by WK the i-th cohomology sheaf of K and if x e X, then Hl-K 
denotes the stalk at x of the constructible sheaf Ti^K. If G PX, we denote by DK its 
Verdier dual. If £ is a constructible sheaf on X, we identify it with its image in DX, that 
is the complex, concentrated in degree 0, whose 0th term is C. 

Let K e DX. We say that X is a perverse sheaf ii the following two conditions hold : 

(a) Wi G Z, dimsuppTi^iT ^ —i, 

(b) Vi G Z, dimsuppH' DK ^ -i. 

We denote by A^X the full subcategory of "DX whose objects are perverse sheaves : this 
is an abclian category [BBD, 2.14, 1.3.6]. 

Let Y be a locally closed, smooth, irreducible subvariety of X and let £ be a local 
system on Y. We denote by /C(Y, £) the Deligne-Goresky-MacPherson intersection 
cohomology complex of Y with coefficients in jC. We often identify IC(Y,jC) with its 
extension by zero to X ; /C(Y, £)[dim Y] is a perverse sheaf on X. 

Algebraic groups. If H is a linear algebraic group, we will denote by H° the neutral 
component of H, by Huni the closed subvariety of H consisting of unipotent elements 
of H, and by Z(H) the center of H. If ^ G H, then Aii{h) denotes the finite group 
Cii{h) / C^{h) . (/?-)h denotes the conjugacy class of h in H, and hs (respectively h^) 
denotes the semisimple (respectively unipotent) part of h. If fj is the Lie algebra of 
H, we denote by Adh : i) ^ t) the differential at 1 of the automorphism H — > H, 
X ^ — hxh~^. 

If X and Y are varieties, and if X (respectively Y) is endowed with an action of H 
on the right (respectively left), then we denote, when it exists, X Xh Y the quotient of 
X X Y by the diagonal left action of H given by h.{x, y) = {xh^^, hy) for any /i G H and 
{x, y) G X X Y. If (x, y) G X X Y, and if X Xh Y exists, we denote by x *h y the image 
of (x, y) in X Xh Y by the canonical morphism. 

Finally, if Xi,. . . , X„ are subsets or elements of H, we denote by A^h(-'^i, ■ ■ ■ , X^) the 
intersection of the normalizers N-a^Xi) of in H (1 ^ i ^ n). 
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Reductive group. We fix once and for all a connected reductive algebraic group G. We 
fix a Borel subgroup B of G and a maximal torus T of B. We denote hy X{T) (respectively 
Y{T)) the lattice of rational characters (respectively of one-parameter subgroups) of T. 
Let W = iVG(T)/T. Let $ denote the root system of G relative to T and let $+ 
(respectively A) denote the set of positive roots (respectively the basis) of $ associated 
to B. For each root a e we denote by the one-parameter unipotent subgroup of 
G normahzed by T associated to a. 

We also fix in this paper a parabolic subgroup P of G and a Levi subgroup L of P. 
We denote by ttl : P ^ L the canonical projection with kernel V, the unipotent radical 
of P. We denote by $l the root system of L relative to T ; we have $l C $. Finally, Wz, 
denotes the Weyl group of L relative to T. 

1. Preliminaries 

l.A. Centralizers. We start this subsection by recaUing two well-known results on cen- 
tralizers of elements in reductive groups. The first one is due to Lusztig [Lu2, Proposition 
1.2], while the second one is due to Spaltenstein [HS, Proposition 3]. 

Lemma 1.1 (Lusztig). (1) Let I G L and g E G. Then 

dim{a;P | x-'gx e (Ol-V} ^ ^(dimCG(^) - dimCL(O)- 
(2) IfgeP, then dimCp(^) ^ dimCL(7rL(y)). 

Lemma 1.2 (Spaltenstein). Iflelj, then Cv(0 is connected. 

We will now give several applications of the two previous lemmas. We first need the 
following technical result : 

Lemma 1.3. Let I e L. Then the following are equivalent : 

(a) C^(0CL; 

(b) Q(/,)CL ; 

(c) Cv(/) = {1} ; 

(d) dimCv(/) = 0. 

Proof - It is clear that (b) imphes (a), and that (a) implies (d). Moreover, by Lemma 

I. 2, (c) is equivalent to (d). It remains to prove that (c) implies (b). 

For this, let s (respectively u) denote the semisimplc (respectively unipotent) part of 
/, and assume that Cq(s)^L. We want to prove that Cv(/) 7^ {!}• Without loss of 
generality, we may and do assume that s e T and u e U fl L. 

Let G' = C^{s), U' = Cu(s), V = Cv(s) and B' = Cb{s). Then, by [Bor, Corollary 

II. 12], u G G'. Moreover, by Lemma 1.2, U' and V' are connected. So B' = T.U' is 
connected. Let $s denote the root system of G' relative to T, and let be the positive 
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root system associated to the Borel subgroup B' of G'. Since G'^L, there exists an 
irreducible component ^ of the root system $5 such that Let denote the 

highest root of ^ with respect to \1/ fl : then ag ^ $l- But Uq,^ is central in U', 
so Uq^cCv'(m) = C'v(0- Therefore, Cv(0 7^ {!}■ The proof of Lemma 1.3 is now- 
complete. ■ 

Now, let O be the set of elements I e L such that C^/{l) — {1}. This variety has been 
used by Lusztig in [Lu6, §2] where it was denoted by U. 

Lemma 1.4. The set O is a dense open subset of"L and the map 

OxY — > O.V 

{l,x) I — > xlx"^ 

is an isomorphism of varieties. 

Proof - The group V acts on G by conjugation. So, by [Hu, Proposition 1.4], the set 

J\f^{geG\ dimCv(5) = 0} 

is an open subset of G. Therefore, A/* fl L is an open subset of L. Moreover, A/" fl L 
is not empty since any G-regular element of T belongs to A/'fl L. But, by Lemma 1.2, 
A/* n L = O. This proves the first assertion of the lemma. 

Now, let / denote the morphism defined in Lemma 1.4. Let / G O. Then the map 
fi-Y^ /.V, X I— > xlx^^ is injective by definition of O, and its image is closed because 
it is an orbit under a unipotent group [Bor, Proposition 4.10]. By comparing dimensions, 
we get that fi is bijectivc. As this holds for every / G O, / is bijective. 

Moreover, the variety O.V ~ O x V is smooth. Hence, to prove that / is an isomor- 
phism, it is enough to prove that the differential is surjective for some / G O (see 
[Bor, Theorems AG. 17.3 and AG.18.2]). 

Now, let t G T be a G-regular element (so that t E O). The tangent space to O 
at t may be identified with the Lie algebra I of L via the translation by t. By writing 
f{l,x) = l.{l''^xlx~^) for every {l,x) G O x V, the differential {df)(^t,i) ^lay be identified 
with the map 

le tj — > le tj 

l®x I — > W{Adt-^-Idt,){x), 

where denotes the Lie algebra of V. The bijectivity of {df)(^t,i) follows immediately from 
the fact that the eigenvalues of Adt^^ are equal to a{t)~^ for o; G — so they are 
different from 1 by the regularity of t. ■ 

Lemma 1.4 implies immediately the following : 

Corollctry 1.5. Let S be a locally closed subvariety of O. Then the map 

5xV — > S.Y 

{l,x) I — > xlx~^ 

is an isomorphism of varieties. 
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Notation - If 5 is a locally closed subvariety of L, we denote by «Sreg (or «Sreg,G if there 
is some ambiguity) the open subset S HO oi S. It might be empty. □ 

l.B. Steinberg map. Let V : G T/W be the Steinberg map. Recall that for g E G, 
V{g) is defined to be the intersection of T with the conjugacy class of the scmisimple 
part of g. Then V is a morphism of varieties [Ste, §6]. To compute the Steinberg map, 
we need to determine semisimplc parts of elements of G. In our situation, the following 
well-known lemma will be useful [Lu2, 5.1] : 

Lemma 1.6. //(? G P, then the semisimple part of g is W -conjugate to the semisimple 
part of T:-L,{g). In particular, V{g) = V{T:-L{g)). 

Proof - Let s be the semisimple part of g. Then the semisimple part of ni,{g) is 7rL(s). 
But, s belongs to some Levi subgroup Lq of P. Let a; e V be such that L = ^Lq. Then 
xsx~^ e L and xsx~^ is the semisimple part of xgx~^. Therefore, the semisimple part of 
T:i,{xgx~^) — Tri,{g) is 7ri,{xsx~^) — xsx~^. ■ 

Lemma 1.7. V(Z(L)°) is a closed subset of T/W and V(Z(L)°gg) is an open subset of 
V(Z(L)°). 

Proof - The restriction of V to T is a finite quotient morphism. In particular, it is 
open and closed. Since it is closed, V(Z(L)°) is a closed subset of T/W. Since it is 
open, V(Treg) is an open subset of T/W. But V(Z(L)°gg) = V(Treg) n V(Z(L)°). So the 
Lemma 1.7 is proved. ■ 

Let Vl : L T/Wi, denote the Steinberg map for the group L. By Lemma 1.3, we 

have 

(1.8) = V£^(Treg/VFL). 

I.e. A family of morphisms. If <S is a locally closed subvariety of L stable under 
conjugation by L, then <S.V is a locally closed subvariety of P stable under conjugation 
by P. We can therefore consider the quotients G Xl«S and G Xp«S.V. In this subsection, 
we will focus on the maps Gxl«S — > G, g*-L,l ^ glg~^ and GxpS.Y — > G, g*px i— > gxg'^ 
which are well-defined morphisms of varieties. 

Remark 1.9 - If 5 is contained in O, then the map Gxj,S ^ G Xp«S.V, g*\,l ^ g^^l 
is an isomorphism of varieties (by Corollary 1.5). □ 

The next result is well-known : 

Lemma 1.10. The map G XpP G, g*px i-^ gxg~^ is a projective surjective morphism 
of varieties. In particular, if F is a closed subvariety ofP stable under conjugation by P, 
then the map G *pF ^ G, g *p x ^ gxg~^ is a projective morphism. 
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Proof - Let X = {{x,gP) e G x G/P | g~^xg e P}. Then X is a closed subvariety of 
G X G/P. Moreover, the variety G/P is projective. Therefore, the projection tt : X — > G, 
{x, gP) I— > a; is a projective morphism. Since every element of G is conjugate to an element 
of B, TT is surjective. 

But the maps GxpP— >X, (yf*pa;i— {gxg~^, gP) and X — > G Xp P, {x,gP) i— >• 
g *p g~^xg are morphisms of varieties which are inverse of each other. Moreover, through 
these isomorphisms, the map constructed in Lemma 1.10 may be identified with tt. The 
proof is now complete. ■ 

The next result might be known but we have not come across it in the literature. 

Lemma 1.11. The morphisms of varieties 

GxlO — > G 
g*i^l I — ^ glg-^ 

GxpO.V — > G 

g*px I — > gxg~^ 



and 
are Stale. 



Proof - By Remark 1.9, it is sufficient to prove that the morphism 

/: GxpO.V — > G 
g*px I — ^ gxg-^ 

is etale. 

Since G Xp C?.V and G are smooth varieties, / is etale if and only if the differential of / 
at any point of GxpO.V is an isomorphism [Ha, Proposition III. 10.4]. By G-equivariance 
of the morphism / (G acts on G Xp 0.\ by left translation on the first factor, and acts 
on G by conjugation), it is sufficient to prove that {df)upx is an isomorphism for every 
X e O.V. 

For this, let P^ denote the parabolic subgroup of G opposed to P (with respect to L), 
and let denote its unipotent radical. Then x C?.V is an open neighborhood of 
1 *P a; in G *p O.V. Therefore, it is sufficient to prove that the differential of the map 

/- : V- X O.V — > G 

{g,x) I — > gxg-^ 

at {l,x) is an isomorphism for every x G O.V. 

Let fl, t)~, I and denote the Lie algebras of G, V~, L and P respectively. Since O is 
open in L, we may identify the tangent space to O.V at x with p (using left translation 
by x). Similarly, we identify the tangent space to G at x with q using left translation. 
Using these identifications, the differential of /~ at (1, x) may be identified with the map 

5: tt-®p — > 

A®B I — > {a.dx)-^{A) - A + B. 

For dimension reasons, we only need to prove that 5 is injective. 
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For this, let A G Y{T) be such that L = CG(ImA) and 

P = {g eG \ lim \{t)g\{t)-^ exists}. 

For the definition of limt_,o A(i), see [DLMl, Page 184]. We then define, for each i e Z, 

g{i) = {X e I (adA(t))(X) = fX}. 

Then 





= 












i 




and 




i<0 



(see [DLMl, 5.14]). For each X e 0, we denote by Xi its projection on 

Now, let I — T^\,{x). Then it is clear that we have, for any io G Z and any X e fl(io), 

(1) (adx)-^(X) e (adO~'W + ( © fl(i)). 

i>io 

Now, let A © 5 e Ker 5, and assume that A 0. Then there exists < minimal 
among all i < such that Ai ^ 0. Then, by (1), the projection of 5(^4 © B) on fl(^o) is 
equal to (ad/)"^(AiJ - Ai^. But, 5{A © = 0, so (ad/)"^(yli„) - A^,, = 0. Therefore, 
Cg(/)^l. So Cg(s)^l, where s denotes the semisimple part of /. However, / lies in O, 
so its semisimple part s also lies in O by Lemma 1.3. But, by [Bor, Proposition 9.1 
(1)], Cq{s) is the Lie algebra of Cq(s) which is contained in L by Lemma 1.3. We get a 
contradiction. 

So, this discussion shows that A = 0. But = 5{A,B) = (ada;)"^(^) - A + so 
5 = 0. This completes the proof of Lemma 1.11. ■ 

l.D. Isolated class. An element 51 e G is said to be (G-)isolated if the centrahzer of its 
semisimple part is not contained in a Levi subgroup of a proper parabolic subgroup of G. 

Let Liso denote the subset of L consisting of L-isolated elements, and let Tiso = TflLiso- 
Then Tiso is a closed subset of T. Therefore VL(Tiso) is a closed subset of T/Wj,. 
Moreover, we have Ljso = V£^(V(Tiso)), so Ljso is a closed subset of L. 

As a consequence of Lemma 1.10, the image of the morphism G Xp LigQ.V — > G, 
g *P X gxg~^ is a closed subvariety of G : we denote it by Xq l- On the other hand, 
by Lemma 1.11, the image of the morphism G Xi, O ^ g *i, x ^ gxg~^ is an open 
subset of G, which will be denoted by Og,l- Finally, we denote by Yg,l the intersection 
of Xg,l and Og,l- 

Note that Wg{L) — A^g(L)/L acts (on the right) on the variety G Xl Liso,reg in the 
following way. If w e 1^g(L) and if *l Z e G Xl Liso,reg, then 

{g *L 0-'^ — 9''^ *L w'^lw, 
where w e A^g(L) is any representative of w. 

Proposition 1.12. The map G Xl Liso,reg ^ Yg,L; 9 *l, I ^ 9h~^ ^■^ ^* Galois etale 
covering with group Wg(L). 



9 



iso,reg 



G,L 



Proof - Set tt : GxlL 
By Lemma 1.11, 7 is an etale morphism. If we prove that the square 



g*i,l gig ^, and j : Gx-l,0 ^ G, g*-L,l ^ gig ^. 



G XtL 



iso,reg 



(#) 



71 



G XrO 



7 



G,L 



G 



is cartesian, then, by base change, we get that tt is an etale morphism. 

Since 7 is smooth, the fibred product (scheme) of G Xl O and Yg,l over G is reduced 
(because Yg,l is), so it is enough to prove that G Xl Liso,reg = 7~^(Yg,l)- 

G Yg,l- Then there exist /i G G, m G Liso and 



t and t') denote the semisimple parts of /, m 



Let (? *L / G G Xl O be such that glg~ 
V G V such that hmvh~^ = glg~^- Let 

and mv respectively. By Lemma 1.6, there exists x G V such that t' = H. Thus '^^t 

Since t is L-isolated, we have Z(C£(t))° = Z(L 
the other hand, since s G O, 



we have Cq(s)cL, 



's. 

Therefore Z(Q(t))°cZ(L)°. On 
so Z(L)°cZ(C^(s)). This proves 



that ^Z(L)°C Z(L)°. For dimension reasons, we have ^Z(L)° = 
Z(Cq(s)). Hence, / is isolated. So, we have proved that tt is etale. 



hx 



Z(L)°, so Z(L) 



Now lyG(L) acts freely on G Xl Ligo^reg- So the quotient morphism G 



Xl L 



iso,reg 



G 

X Na(L) ■'-'iso,reg is a Galois etale covering with group VFg(L). Moreover, tt clearly factor- 
izes through this quotient morphism. We get an etale morphism ttq : G X;vg(l) Liso,reg 
Yg,l- To finish the proof of Proposition 1.12, it is now enough to prove that ttq is an 
isomorphism of varieties. Since ttq is etale, we only need to prove that it is bijective. 
Note that ttq is clearly surjective. We just need to prove that it is injective. Let {g, I) 



and ((?', /') in G X Liso,reg be such that gig ^ 
parts of / and /' respectively. Then Z(C£(s))'^ 

Clis), so Z(C^(s))^ 



we also have C?^ (s) 



= g'l'g' ^. Let s and s' be the semisimple 
= Z(L)° since / is L-isolated. Since I E O, 
Z(LY. Similarly, Z(C^(s'))° = Z(L)°. So 



9 's'Z(L)° = Z(L)°. Therefore, g~^g' G A^g(L)- This completes the proof. 



I.E. Self-opposed Levi subgroups. In this paper, we will be interested in the action 
of the relative Weyl group VFg(L) on certain varieties. In this subsection (which is inde- 
pendent from the four previous ones), we deal with a particular case (where L is called 
self-opposed) for which this group is a reflection group for its action on X(Z(L)°). The 
reader should note that most of the facts stated here will be used only in the next part. 

The Levi subgroup L of the parabolic subgroup P of G is said to be G - self-opposed \i, 
for every minimal parabolic subgroup Q of G containing P, we have |T'l^]vi(L)| = 2, where 
M is the unique Levi subgroup of Q containing L. We recall in the next proposition some 
well-known basic properties of a G-self-oposed Levi subgroup of a parabolic subgroup of 
G. Most of them are due to Howlett [Ho] and Lusztig [Lul]. 

Proposition 1.13. Assume that L is G -self- opposed. For every a G A — Al, let 
denote the parabolic subgroup ofG generated by P and U_a, the unique Levi subgroup 
of Qa containing L, and SL,a the unique non-trivial element ofW-Mai^)- Then : 
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(a) For each a E A — Al, sl,^ is a reflection on X(Z(L)°). 

(b) (Wg(L), (sL,a)Q:eA-AL) is 0, Coxeter system. 

(c) // P' is a parabolic subgroup of G having L as a Levi subgroup, then P' and P are 
conjugate in G (and in fact, they are conjugate under NgCL)). 

(d) Let M 6e a Levi subgroup of a parabolic subgroup of G which contains L and let 
g e G be such that ^LcM. Then there exists m e M such that = "^L. 

Proof - cf. [Ho] and [Lul] for (a), (b) and (c). We shall provide a general proof for 
(d). For this, we may assume that M is standard with respect to (T, B). Let Q denote 
the parabolic subgroup of G which contains P and which has M as a Levi complement. 
By replacing g by mg, where m is a suitable element of M, we may assume that is a 
standard Levi subgroup with respect to (T, B n M). 

Let P' be the standard parabohc subgroup of M having as a Levi complement. 
Then P and P'Vq are standard parabolic subgroups having L and as respective Levi 
complements (here, Vq denotes the unipotent radical of Q). By (c), P and P'Vq are 
conjugate. Since they both contain B, they are equal. Hence = L. ■ 

Remark 1.14- (l)Itis well-known that |VFm(L)| ^ 2 for every minimal parabolic 
subgroup Q of G containing P and where M is the unique Levi subgroup of Q containing 
L. 

(2) It happens frequently that Wg(L) is a reflection group for its action on X(Z(L)°) 
and that L is not G-self-opposed (see [Ho] for the complete analysis of this question) . 

(3) Compare Proposition 1.13 with [DLM2, Fact 1.1 (ii)]. □ 

A morphism a : G ^ G between two connected reductive groups is said to be isotypic 
if Kercr is central in G and Imcr contains the derived subgroup of G. Note that in this 
case, the morphism a induces an isomorphism between the Dynkin diagram of G and G. 

The connected reductive group G is said to be universally self-opposed if, for every 
isotypic morphism G — > G such that G is a Levi subgroup of a parabolic subgroup of a 
connected reductive group T, then G is F-self-opposed. 

Example 1.15 - (1) A torus is universally self-opposed. 

(2) If a unipotent class of G supports a cuspidal local system, then G is universally 
self-opposed [Lu2, Theorem 9.2]. 

(3) The group GL2(F) is Sp4(F)-self-opposed. However, it is not universally self- 
opposed. Indeed, GL2(F) x is a Levi subgroup of a parabohc subgroup of GL3(F). But 
it is not GL3(F)-self-opposed : one can immediately check that A^gl3(if)(GL2(F) x F^) = 
GL2(F) X FX. □ 

Remark - In the statement (d) of Proposition 1.13, if we assume only that M is a 
connected reductive subgroup of G (and not necessarily a Levi subgroup of a parabolic 
subgroup), then the conclusion does not hold. Indeed, if G = Sp4(F), if M = SL2(F) x 
SL2(F)cG, if L = SL2(F) x F^ cM, then there exists g e G such that = F^ x 
SL2(F)cM, but L and are obviously not conjugate in M. However, ii p ^ 2, then 
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the regular unipotent class of L supports a cuspidal local system, so L is universally 
self-opposed by Example 1.15 (2). □ 



2. Action of the relative Weyl group 



2. A. The set-up. From now on, and until the end of this paper, we denote by S the 
inverse image of an li/Z{Li)° -isolated class of h/ZCLy under the canonical projection 
L L/Z(L)°. We also fix an element f G S. 

Following [Lu2, §§3 and 4], we consider the varieties 

Y = G X Si-eg) 
Y = G Xl Sreg, 

X = G X S V 

and X = GxpSV. 

In these definitions, the group L (respectively P) acts on G by right translations, and 
acts on Sreg (respectively SV) by conjugation. We also set 

Y = y g-SresQ-' 
geG 

and X = y g'^Vg~\ 

geG 

By Lemma 1.6, we have 

(2.1) XcV-i(V(Z(L)°)) 
and 

(2.2) YCV-^(V(Z(L)°J). 

Moreover, X is the image of G Xp S.V under the morphism GxpP — > G, g*px i— gxg~^ 
studied in Subsection l.C. So, by Lemma 1.10, X is a closed irreducible subvariety of G. 
We set 

tt: GxpS.V — > X 
g*px I — > gxg-^. 

It is a projective morphism of varieties. 

On the other hand, Y"'" = [J^^q g{T,)j.egg~^ is in fact the intersection of X with 
V~^(V(Z(L)°gg)), so it is an open subset of X (by Lemma 1.7). Moreover, the inverse 
image of Y"*" in G Xl is equal to {JweWcCL) ^ '"(S)rcg- So, by Proposition 1.12, 
the map G Xl (S)reg — ^ Y+, g *-l I ^ glg^^ is a Galois etale covering with group 
W^g(L,S) = Ng(L,'E)/L. Since G Xl Sj-eg is open in G Xl (S)i.eg, its image Y under 



12 

this etale morphism is open in Y+. This proves that Y is open in X. Moreover, since the 
map 

TT : G Xl Sreg > Y 

g*Ll I — > glg~^ 

is a Galois etale covering with group VFqIL, S), we get that Y is smooth (indeed, GxtSreg 
is smooth). 

Recall that G Xl Sj-eg — > G Xp Sreg.V, (7 *l / i-^ (7 *p / is an isomorphism (see Corollary 
1.5). Moreover, it is clear that 7f~^(Y) = G Xp Sreg.V. We summarize all these facts in 
the following proposition. 



Proposition 2.3 (Lusztig [Lu2, ^3.1, 3.2 and Lemma 4.3]). With the above notation, 
we have : 

(1) X a closed irreducible subvariety of G andY is open in X. 

(2) The natural map Y — > X, g *i, x ^ g *p x is an open immersion and the square 




is cartesian. 

(3) 7f (hence n) is a projective morphism. 

(4) TT is an etale Galois covering with group 1^g(L, S). In particular, Y is smooth. 



Note that G acts on Y, Y, X and X by left translation on the first factor, and that 
it acts on Y and X by conjugation. Also, the group Z(G) fl Z(L)° acts on the varieties 
Y, Y, X and X by left translation on the second factor, and it acts on Y and X by left 
translation. These actions of G and Z(G) Pi Z(L)° commute. 

We have the following commutative diagram 



a 



TT 



Teg 



(2.4) 



where a and a are the canonical projections, and l3 and /3 are the canonical quotient 
morphisms. Moreover, the vertical maps are the natural ones. Note that the morphisms 
P, 71 and 7f are G x (Z(G) fl Z(L)°)-equivariant, and that the vertical maps Y — > X, 
Y ^ X and Y ^ X are also G x (Z(G) n Z(L)°)-equivariant. 
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2.B. Extension of the action of W^g(L, S). We observe that the action of the group 
VFg(L, S) is defined only on Y. However, we will see in this subsection that it is possible 
to extend it to an open subset Xmin of X which, in general, strictly contains Y. 
We first need some preliminaries to construct this extension. If Z e S, then 

dimCL(0 ^ dimCL(^;) 

and equality holds if and only if Z e E. Consequently, if e X, then 

dimCG(5') ^ dimCL(v) 

(c/. Lemma 1.1 (2)). Moreover, if the equality holds, then, by Lemma 1.1 and the previous 
remark, Tr~^{g) is contained in 

Xo = G Xp S.V, 

which is a smooth open subset of X. 
Let 

Xmin ^{g eX\ dimCG(5') = dimCL(t')} 

and Xjnin = (Xjnin). 

By [Hu, Proposition 1.4], Xmin is an open subset of X, and, by the previous discussion, 

XminCXo. Also, YcXmin, SO YcXmin- NoW, Ict TTmin : X^in ^ X^in dcUOtC the 

restriction of 7f : it is a projective morphism. 

Moreover, ii g E Xmin, then, by Lemma 1.1 (1), T^^l^Xd) ^ finite set. Since the 
morphism TTmin is projective and quasi-finite, it is finite [Ha, Exercise III. 11. 2]. We gather 
these facts in the next proposition. 

Proposition 2.5. With the above notation, we have : 

(1) Xmin is a G X (Z(G) fl Z(L)°)-stable open subset o/X containing Y. 

(2) Xmin is a G X (Z(G) fl Z(L)°)-stable smooth open subset of^ containing Y. 

(3) The morphism TTmin : Xmin Xmin is finite. 

The Proposition 2.5 has the following immediate consequence : 

Theorem 2.6. (a) The variety Xmin is the normalization of Xmin in the variety Y . 
Therefore, there exists a unique action of the finite group W^g(L, S) on the variety Xmin 
extending its action on Y. 

(b) This action is G x (Z(G) fl Z(Ij)°)-equivariant, and the morphism TTmin factorizes 
through the quotient Xmin/M^G(L, S). 

(c) // the variety Xmin is normal, then TTmin induces an isomorphism of varieties 

Xmin/M^G(L,S) - Xmin. 

Notation - (1) Let (S.V)min denote the open subset S.VnXmin of S.V. Then Xmin = 

G Xp (S.V)min. 

(2) If there is some ambiguity, we will denote by ?l the object ? defined above (for 
instance, Y^, X^in,L, X^, TT^in,L-)- 
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2.C. Unipotent classes. From now on, and until the end of this paper, S is the inverse 
image of a unipotent class o/L/Z(L)°. Note that a unipotent class is isolated. Let C 
denote the unique unipotent class contained in S. From now on, the clement v introduced 
in the previous section is chosen to be in C. Note that S — Z(L)°.C ~ Z(L)° x C and 
that Sreg = Z(L)°,g.C. 

Notation - (1) We denote by C*^ the induced unipotent class of C from L to G that 
is, the unique unipotent class Co of G such that Co fl C.V is dense in C.V. 

(2) If ^ e Z(L)°, the group Cp{z) = L.Cv(-2) is connected {of. Lemma 1.2). So it 
is a parabolic subgroup of C^{z) by [DM, Proposition 1.11 (ii)], with unipotent radical 
Cy{z) and Levi factor L. We denote by an element of C'"g(^) n vCy{z). We set 

U^ = l*p ZU^ G Xmi„. 

(3) For simplicity, the unipotent element ui will be denoted by u, and u stands for ui. 

Remark 2.7 - Let us investigate here what arc the elements of Xjnin. Since Xn^jnCXo, 
we only need to determine which elements of S.V belong to Xmin- Let g G S.V. Let z 
(respectively u') be the semisimplc (respectively unipotent) part of g. By Lemma 1.6, we 
may assume that z belongs to Z(L)°. Now, let G' = C^{z), P' = C^{z), and V = Cv{z). 
Then G' is a reductive subgroup of G containing L, P' is a parabolic subgroup of G', 
and V' is its unipotent radical. Then, by [Bor, Corollary 11.12], we have u' G G'. On the 
other hand, C'^{g) = C^,{u'). Now, by Lemma 1.1 (2) and by [Spa, Proposition II.3.2 
(b) and (e)], g G Xmin if and only if u' G C*^ . 
Hence, we have proved that 

(2.8) V-^(V(z))nX^i„ = (zm,)g 

for every z G Z(L)°, and that 

Xmin = IJ {zUz)g- □ 

If z G Z(L)°, we denote by Hg(L,'E,z) the stabilizer of in 14^g(L, S). We first 
investigate the group Hg(L, S, 1). Recall that the group Cq{u) is contained in P [Spa, 
Proposition II. 3. 2 (e)], so that Cg{u)/Cp{u) is a finite set. 

Lemma 2.9. We have n^^l^^{u) = {g *p u \ g E Cg{u)}. In particular, 

kminWI - \Cg{u)/Cp{u)\ = \Ao{u) /Ap{u)\. 

Proof - It is clear that {g *p u \ g E Cg{u)} is contained in 'n'^^l^Xu). Conversely, let 
g *P X E T^^lr.iu). By replacing {g,x) by {gl~^,lx) for a suitable choice of / G L, we may 
assume that 7rL(x) = v. Since gxg~^ — u, this implies that x G vY fl C^. By [Spa, 
Proposition II. 3. 2 (d)], there exists y G P such that yxy~^ — u. Therefore gy~^ G Cg{u) 
and g *p X — gy~^ *p u. ■ 
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Corollary 2.10. If Cg{u)<zY* , then 7i^l^{u) = {u}. In particular, Wg{L,Ti) stabilizes 
u, that is Hg(L, S, 1) = Wg(L, S). 

Next, let us consider the general case. The second projection X ~ G x Z(L)° x C x V — > 
Z(L)° factors through the quotient morphism X — ^ X. Wc denote by V : X ^ Z(L)° the 
morphism obtained after factorization. The group W^g(L) acts on Z(L)° by conjugation, 
and it is easy to check that the restriction Vrcg : Y Z(Ij)°^^ of V to Y is W^g(L, S)- 
equivariant. Hence, the morphism Vmin : Xmin — Z(L)° obtained by the restriction of V 
is Wg(L, S)-equivariant. 

As a consequence, we get 

(2.11) Stabw^e(L,s)(^)c StabH.e(L,s)(V(^)) 

for every g e Xmin. Also, note that V(^) is conjugate in G to the semisimple part of 
9 — 7i'min(^) (c/. Propositiou 1.6). In fact, one can easily get a better result : 

Proposition 2.12. Let z E Z(L)°. Then : 

(1) ifG(L,S,^)=i7c^(,)(L,S,l). 

(2) //Cc^ (,)(«,) CP, t/ien//G(L,S,^) = iyca,(.)(L,S). 

Sketch of the proof - For the proof of (1), we refer the reader to the proof of 
Proposition 3.7 below. The situation here is quite analogous to that of Proposition 3.7 
and the arguments involved are very similar. We have decided to present them in detail 
only once, for Proposition 3.7, since the situation there is a httle bit more comphcated. 
(2) follows from (1) and from Corollary 2.10. ■ 

2.D. An example. In this subsection, and only in this subsection, we assume that L = 
T. Then C = 1, S = T, X = G Xb B, X = G and 7f : X ^ G is the well-known 
Grothendieck map. Also, VrG(L, S) = in this case. Moreover, Xmin is the open subset 
of G consisting of regular elements. As an open subset of G, it is smooth. So the action 
of on Y extends to Xmin and Xmin/VT = Xmin. 

Now, let g e Xmin, 9 = T^mmig)-^ and t = V{g) G T. Wc denote by W°{t) the Weyl 
group of C^{t) relative to T. The fibre n^l^{g) may be identified with the set of Borel 
subgroups of G containing g. Since Xmin/W^ = Xmin, W acts transitively on TTj^l^{g)- But, 
Ut is a regular unipotent element of Cg(^). Therefore, Cc^(^t){ut) CB. So, by Proposition 
2.12, we have 

Stahwig) = W°{t). 
As a consequence, we get the well-known result 

(2.13) \{xB e G/B I g e ^B}| = \W\/\W°{t)\. 

Remark - It is not the easiest way to prove 2.13 ! 

Example 2.14 - Assume in this example that G = GL2(F), that 

L = T = {diag(a, b) | a, G F"" }, 
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and that S) = T. Let P denote the projective hnc. Then 

X~ {((^ ^ d ) G G X I [ax + by,cx + dy] = [x,y]}, 

X = G, 

and TT : X — >^ X is identified with the first projection. Moreover, Xmin is the open subset of G 
consisting of non-central elements. We shall give a precise formula for describing the action of 
W on Xmin in this little example. 

Let w denote the unique non-trivial element oiW. It has order 2. We define the right action 
of w on {g, [x,y]) G Xmin by 

r {g,[bx,{d-a)x-by]) if {bx, {d - a)x - by) (0,0) 
{g, [x,y]).w = I 

[ {g, [{a - d)y - cx, cy\) if ((a - d)y - cx, cy) / (0, 0), 



where g = 




One can check that, if Xi (respectively X2) is the open subset of X 



defined by the first condition (respectively the second condition), then Xi U X2 = Xmin, and 
that the formulas given above coincide on Xi n X2. So we have defined a morphism of varieties. 
The fact that it is an automorphism of order 2 is obvious, and the reader can check that it 
extends the action of on Y. 

One can also check, as it is expected from 2.13, that W acts trivially on the elements 
(5, [x,y\) G Xmin such that g is not semisimple. □ 



3. A MORPHISM VI^g(L, S) ^ Aj,{v) 



The restriction of an L-equivariant local system on C through the morphism L/C£(v) — > 
C, lCl^{v) ^ lvl~^ is constant. This fact makes this morphism interesting when one 
is working with character sheaves (which are equivariant intersection cohomology com- 
plexes). This morphism can be followed through Diagram 2.4, and it gives rise to new va- 
rieties on which the group 1^g(L, !>) = NQ,{h,v)/Cl^{v) acts (note that 1^g(L, i')/AL(f) — 
VFg(L, S)). Following the method of the previous section, these actions can be extended 
to some variety Xj^j^ lying over Xmin- We show in this section that some stabilizers un- 
der this action can be described in terms of a morphism of groups M/g(L, S) Ai^{y) 
(under certain conditions which are fulfilled if C supports a cuspidal local system). In §4, 
elementary properties of this morphism will be investigated. 



3.A. Notation. Let S' = L/C£(t;) x Z(L)°, and let E^.g = L/C£(v) x Z(L)°^g. We 

denote by / : S' ^ S, {lCl^{v)^z) ^ lzvl~^ = zlvl~^ . Then / is a finite surjective 
L-equivariant morphism (here, L acts on S' by left translation on the first factor). We 
denote by /reg : S^gg Sreg the restriction of /. 
Now, let 

Y' = G X s:,g, 

and Y' = G XL K.^ = G/Cl{v) x Z(L)°gg. 
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We then get a commutative diagram 



(3.1) 




where the vertical maps are induced by fj-^g, a' is the projection on the first factor, f3' is 
the quotient morphism, and 7i' = nof. The group G acts on Y' and Y' by left translation 
on the first factor, and acts on Y by conjugation. The group Z(G) fl Z(L)° acts on S^^g 

by translation on the second factor : it induces an action on Y' and Y'. The morphisms 
/, /, P' and tt' are G x (Z(G) fl Z(L)°)-equivariant. Moreover, all the squares of diagram 
3.1 are cartesian. 
Now, we define 

Wg{L,v) = Ng{L,v)/CI{v) 

(note that iVG(L,t;)° = C£(v)). The group Ci^{v) is a normal subgroup of Ng(L,v) so 
Ai^{v) is a normal subgroup of FFgIL,^). Note that 

WGiL,v)/Aj^iv) c^WoiL,^). 

The group Ng(Li,v) acts freely on the right on the variety Y' in the following way : if 
w e Ng(L,v) and if {g,lCl{v),z) e Y', then 

(9: lCl{v), z).w = {gw, w~HwCl{v),w~'^zw). 

This induces a free right G x (Z(G) fl Z(L)°)-equivariant action of 1^g(L,v) on Y'. 
Moreover, the fibres of the morphism tt' are 1^g(L, i')-orbits. 



Remark 3.2 - If a e Aj,{v) and g *l {lCl{v), z) e Y', then 

{g *L {lCl{v), z)).a = g*-L {laCl{c), z). □ 



3.B. Normalization. Let X' be the normalization of the variety X in Y'. We denote 
by / : X' — > X the corresponding morphism of varieties. Let Xq (respectively X^jj^) 
denote the inverse image, in X', of the variety Xq (respectively Xmin). We denote by 
/o : Xq — i> Xq (respectively /min : X^j^^ '^mm) the restriction of / to Xq (respectively 
^min)- Then Xq (respectively Xj^j^^) is the normalization of Xq (respectively Xmin) in Y'. 
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We summarize the notation in the following commutative diagram 




Y > X„,in > X. 



In this diagram, all the horizontal maps are open immersions, and all the squares are 
cartesian. Since Xmin is the normalization of Xmin in Y, we get : 

Theorem 3.3. We have : 

(1) The variety ^'^^^ is the normalization of Xmin in Y' . Therefore, the action of 
Wg(L,v) on Y' extends uniquely to an action ci/W^G(L,'y) on ^'^am- 

(2) X' inherits from Y' an action of G x (Z(G) fl Z(L)°), and this action commutes 
with the action of Wg(L,v) on Xmm- 



Remark 3.4 - We do not know how to determine the variety X' in general. However, 
it is possible to give an exphcit description of Xq. This can be done as follows. The 
parabohc subgroup P acts on S' x V by the following action : if Z, £ L, Xo e V, and 
e Z(L)°, then 

'^{loCl{v),zo,Xo) = {lloCl{v),zo,lC°'o''~'^o'x)xoX-H-'). 

It is easy to check that this defines an action of P. Moreover, the morphism / x Idy : 
S' X V — > SV, {loCl^{v), ZqjXq) I— > IqZovIq^Xo induced by / is P-equi variant. 

By Corollary 1.5, G Xl S^eg — G Xp {^[eg OP^" subset of G Xp (S' x V) 

isomorphic to Y'. Moreover, the morphism 

G Xp (S' X V) — > X = G Xp SV 

induced by / is finite, as it can be checked by restriction to an open subset of the form 
gY~P Xp (S' X V), where V~ is the unipotent radical of the opposite parabolic subgroup 
P~ of P with respect to L. Finally, by the same argument, G Xp (S' x V) is smooth. 

Hence 

(3.5) X[, = G Xp (S' X V). 

Since X' is the normalization of X in Y', it inherits an action of the group Ai,{v). It is 
very easy to describe this action on Xq using 3.5. It acts on Xq by right translation on 
the factor L/C£(t') of S'. This is a free action and the fibres of /o are 74L(t')-orbits. □ 
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We will denote by (S' x V)mm the inverse image, under / x Idv, of the open subset 
(SV)mm of SV. Then X;^;^ = G Xp (S' x Y)min- The action of Wg{'L,v) is quite 
mysterious, but the action of its subgroup A-i,{v) is understandable. It is obtained by 
restriction from its action on Xq which is described at the end of Remark 3.4. 

3.C. Stabilizers. For z G Z(L)°, let = 1 *p {Cl{v), z,v-^Uz) G X^„. Recall that 
Uz is an element of vCy{z) D C'"g(^). Note that f^i^{u'^) = u^, so that Tr^inl'W^) = u^- 
For simplification, we denote the element u[ by u'. The stabilizer of the element u'^ in 
Wg(L, v) is denoted by i?G(L, v, z). The goal of this subsection is to get some information 
about these stabilizers. 

The first result comes from the fact that A-l,{v) acts freely on X^j^ : 

(3.6) HG{'L,v,z)nAM = {'^}- 

The second one is analogous to Proposition 2.12 : it may be viewed as a kind of Jordan 
decomposition. 

Proposition 3.7. If z e Z(L)°, then Hg(L,v,z) = i^c^(2)(L, 1). 

Proof - Let V' denote the composite morphism of varieties X' X Z(L)°, and let 
V^nin '■ XJnin Z(L)° denote the restriction of V'. Then V^j^ is a VrG(L, t')-equi variant 
morphism (as can be verfied by restriction to Y'). So, the group Hg(L, v, z) is contained 
in Wz = Wca(z){i^,v). 

Let Az ^ {t e Z(L)° I C^{t)cC^{z)}. is an open subset of Z(L)° containing z 
and Z(L)°^g. Now let = A^.C and let = L/C£(v) x A^. Then 

x; = G xp (s; X V)Si„,L 

is an open subset of Xmin containing Uz, and it is stable under the action of W^, since A^ 
is and since X^ = ^mLi-^z)- Now, let 

X'(z) = Co{z) xc^iz) (K X C^{z)fI!S. 

The natural morphism X'(z) X'^ is injective and W^-cquivariant. This proves that the 
stabilizer Hg(L, v, z) is equal to the stabilizer of 1 *Cf{z) (C'l('^)' ^) "^^^^z) G ^'{z) in W^. 
But this stabilizer must stabilize the connected component of 1 *Cp{z) {Cl,{v), z,v~^Uz), 

which is equal to Cq{z) Xcpiz) C^'z ^ '^)mki*^L (because Cp{z) is connected). Hence, it 
is contained in W° — Wc^(^z)(^:V), thus it is equal to ifc^(^)(L, i>, 2;) because this last 

variety is an open subset of (X^i^)^'^*^^^ 

Now, the action of >V° on (X^;^)^'^^^^ commutes with the translation by z. Hence 
-f^c^(z)(L, V, z) = Hc°^^z){^, v,l).m 

Remark - The reader may be surprised by the fact that Cg{z) is not necessarily con- 
nected. However, they can check directly that the previous constructions (Y, Xmin, 
Wg(L,^)---) remain valid whenever G is not connected, provided that the parabolic 
subgroup P of G is connected. □ 
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In order to determine the stabihzers Hg{Ii, v, z), Proposition 3.7 shows that it is neces- 
sary and sufficient to compute the stabihzer Hg(L, v, 1). However, we are only able to get 
a satisfying result when the centralizer of in G is contained in the parabolic subgroup 
P. 

Proposition 3.8. //Cg(m)cP, then : 

(1) n'j^iniu) is the Ai,{v)-orbit of v! . In particular, |7r^in(w)| = 

(2) WG{'L,v)^Aj^{v)y^HG{l.,v,l). 

Proof - (1) follows immediately from Corollary 2.10 : indeed, 7r'j7i„(?/) = f^^{u). By (1), 
Ai^{v) acts freely and transitively on 7r^in('u), so Wg(Li,v) acts transitively on T^'i^^iu). 
(2) follows from this remark and from 3.6. ■ 

3.D. Further investigations. The group C^{v) flL = Cc;o,(^) (Z(L)°) is connected, be- 
cause it is the centralizer of a torus in a connected group [Bor, Corollary 11.12] . Therefore, 
we have the well-known equality 

(3.9) C°G(v)nL^Cl{v). 

Thus the natural morphism C-i,{v) ^ Cg{v) induces an injective morphism 

(3.10) AM ^ AGiv). 

Example 3.11 - Let G ~ Sp4(F), L ^ GL2(F) and v be a regular unipotent element of 
L. Then Ai,{v) = {1} and 1740(^)1 = 2. This shows that the morphism 3.10 is in general 
not surjcctivc. □ 

LetW^{L,v) = NG{'L,v)r]C^{v)/Cl{v). Since C^(t;)nL = we have (L, t;)n 

A-l{v) = 1. Moreover, since W^CLjv) and Ai,{v) are normal subgroups of VFg(L,i^), 
M^q(L, v) X Az,{v) is naturally a subgroup of H^g(L, v). This discussion has the following 
immediate consequence : 

Lemma 3.12. If Ai^{v) = Ag{v), then Wg{'L,v) = W^{L,v) x Ai^{v), so W^{L,v) ~ 
W^g(L,S). 

Corollary 3.13. Assume that Cg{u) cP , and that Ai,{v) = Ag{v). Then there exists a 
unique morphism of groups Lp^^ : W^(L,v) — » Ai^{v) such that 

Hg{L, V, 1) = {{w, a) e W^{L, v) x A^ \ a = <p^,,{w)}. 

Proof - This follows from Proposition 3.8 (2) and from Lemma 3.12. ■ 

Recall that the unipotent element i> of L is said to be distinguished in h ii v is not 
contained in a Levi subgroup of a proper parabolic subgroup of L. 
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Corollary 3.14. Assume that v is distinguished in L, that Cg(m)cP, that Ai,{v) — 
Ag{v), and that \A-l,{v)\ is odd. Then the morphism (p^^ is trivial and Hg(L,v,1) — 
W^{L,v). 

Proof - If w is distinguished in L, then Z(L)° is a maximal torus of C^{v). So W^(L, v) 
is the Weyl group of Cq{v) relative to Z(L)°. This shows that W^(L,v) is generated 
by elements of order 2. So, since |ylL(w)| is supposed to be odd, the morphism ip^^ : 
W^{L,v) Ai^{v) is trivial. Therefore, by Corollary 3.13, HgCL^v, 1) = W^{L,v). u 

Example 3.15 - We will see in Theorem 5.4 that, if the class C supports a cuspidal 
local system, then Ai,{v) = Ag{v) and Cg(m)cP. Consequently, the morphism ip^^ is 
then well-defined. □ 

The morphism Lp^^ is the central object of this paper. In Part 11, we will compute it 
explicitly whenever v is a regular unipotent element under some restriction on L. 

3.E. Separability. Let C^* denote the separable closure of C in L/C£(t') (under the 
morphism L/Cl{v) — C, Z i— > lvl~^). Note that C^* is smooth. The variety C^* inher- 
its from L/C£(v) the action of L by left translation, and the action of A-i,{v) by right 
translation. Thus we have a sequence of L x 74L(t')-equivariant morphisms 

L/C£(^) C^* C. 

The first morphism is bijective and purely inseparable, the second one is a Galois etale 
covering with group Ai,{v). We define S^* = Z(L)° x C^*, Sf^g = Z(L)°,g x C^*, Y^* = 
G X S^* , and Y^* = G Xl ^rL- h.me a commutative diagram with cartesian squares 



(3.16) 




Here the maps and are induced by the maps ? or ?'. Moreover, all the morphisms 
are Galois etale coverings, and all the morphisms are bijective purely inseparable 
morphisms. Note that f^^^, f^^ and /'^* are Galois coverings with group A-l,{v) and tt'^* is 
a Galois covering with group Wg(L,v). 
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By the same argument as in Remark 3.4, the group P acts on the variety S° x V 
and the quotient Xq* = G Xp (S^* x V) exists : it is the separable closure of Xq in 
Xq. If (S^* X V)inin denotes the inverse of (5].V)inin under the morphism x Idv, then 
-^min = G Xp (S*^* X V)niin IS the normalization of X^in in Y*^*. So it inherits an action 
of Wg(L,v) and the bijective purely inseparable morphism /j™^ : X'^^j^ — > induced 
by /min is W^g(L, 'y)-equivariant. Moreover, the morphism : X^jj^ — > Xmin induced 
by /min is a Galois etale covering with group Ai,{v). We summarize the notation in the 
following diagram. 




Remark 3.17 - For z e Z(L)°, we denote by uf the image of u'^ e X^j^ in X.^^ under 
the morphism /j^^. Since is bijective and VFg(L, i')-equivariant, the stabilizer of uf 
in WgCLjv) is equal to HgCLjV, z). □ 

Example 3.18 - It may happen that the variety C^* is different from L/Cl{v), so that 
the construction above is not trivial. Of course, it only occurs in positive characteristic. 
The smallest example is given by the group L = G = SL2(F), whenever p — 2 and 




Nevertheless, this is quite an unusual phenomenon. Indeed, if G = SL„(F) and if p 
does not divide n, then the morphism L/C^{v) C is always etale. Also, if G is 
a quasisimple group of type different from A and if p is good for G, then again the 
morphism L/C£(f) — > C is always etale. □ 
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4. Elementary properties of (p^^^ 

As will be shown in §5, knowing the morphism ip^^ will be of fundamental importance 
in the description of the endomorphism algebra of an induced cuspidal character sheaf 
(c/. Corollary 6.12). For this reason we devote a section to gathering the properties of 
this morphism. These properties help to reduce the computations to small groups. 

4. A. Product of groups. We assume in this subsection, and only in this subsection, 
that G = Gi X G2. Let L = Li x L2, = {vi,V2), P = Pi x P2. Then, for every 
z — {zi, Z2) e Z(L)°, we have 

(4.1) Hg{L,v,z) ^ Hg,^{Li,vi,zi) x Hg^{L2,V2, Z2). 
Moreover, if A-i,{v) — Aq,{v) and if Cg{u) cP, then 

(4.2) <Pt - Vu,v, ^ V^lv,- 

4.B. Changing the group. Let cr : Gi — > G be an isotypic morphism between con- 
nected reductive groups. We put Li = o"~^(L) and Pi = a~^(P), so that Li is a Levi 
subgroup of the parabolic subgroup Pi of Gi. Let Vi denote the unique unipotent element 
of Gi such that cr(fi) = v and let Ci be the class of Vi in Gi. Note that cr(Ci) = C. 

Lemma 4.3. (a) a{Ci^,{vi))Z{G)° = Ci^{v) and a~\Ci,{v)) = Ci^,{vi). 

(b) The morphism Ai,-^^{vi) Ai,{ij) induced by a is surjective. 

(c) The morphism iyGi(Li, Si) 1Vg(L, S) induced by a is an isomorphism. 

(d) The morphism liGi(Li,Wi) — > W^iJ-'^v) induced by a is surjective. 

(e) The morphism VrQ^(Li,vi) — > VFq(L,v) induced by a is an isomorphism. 

(f) Cg(m)cP if and only if Cg^{ui) cPi. 

(g) Ai,{v) = Ag{v) if and only if Agi{vi) = Ai,^{vi). 

Proof - First, note that (b) is an immediate consequence of (a). To prove (a), let 
I e Cl(?')- Then there exists li in Li and z G Z(G)° such that o-{li) — Iz. So there exists 
X e Kercr such that hvil^^ — xv\. But Tii'i^]"^ is unipotent and Kera consists of central 
semisimple elements of Li, so a; = 1, that is li centralizes Vi. Hence the first assertion of 
(a) follows. The second follows by the same argument. 

(c), (d), (e), (f) and (g) follow by similar arguments (note that (7(Cqj (t'i)).Z(G)° = 
C^g{v)). m 

We will denote by a subscript ?i the object associated to the datum (Li,vi) and defined 
in the same way as the object ? in G (for instance. Si = Z(Li)°.Ci, Xi, Y^...). 

The reader may check that (j((Si.Vi)inin) C (S.V)inm, so that a induces a morphism 
Xi^niin Xmin. This morphism is W^CilLi, Si)-cquivariant as it can be verified by re- 
striction to Yi (here, M^Gi(Li,fi) and W^g(L, S) arc identified via the morphism a by 
Lemma 4.3 (c)). Similarly, a induces a Wgi (Li, ?;i)-cquivariant morphism X'^ ^^^^ 
(here, Wgi(Lii,vi) acts on X^^^ via the surjective morphism Wgi{Li,vi) —>■ Wg(L,v)). 
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Proposition 4.4. If zi e Z{Li)°, then : 

(a) i/Gi(Li,Si,^i) = i7G(L,S,(7(^i)). 

(b) a induces an isomorphism ifGi(Li, vi, -Zi) ~ Hg{L,v,(7{zi)). 

Moreover, 

(c) If Cg{u) gP and Ai,{v) = Ag{v), then the diagram 

W^^iU,v,) ^ -W^{L,v) 

<\ 

Auivi) 

is commutative. 

Proof - It is clear that iJGi(Li, Si, zi) gIIg,(L. S, a{zi)). To prove the reverse inclusion, 
we may and do assume that Zi = 1 (by Proposition 2.12). Then if an element w G 
14^g(L, S) stabihzes 1 *pu, this proves that there exists a e Ker a such that (1 *pj ui).w — 
1 aui. But, by 2.11, a — 1. This proves (a). 

To prove (b), we notice that a{HG-^^(Li,vi, zi j) cIIg(L,v,(7{zi)), so a induces a mor- 
phism IIg^^(Li,Vi, Zi) — > HG{'L,v,a{zi)). This morphism is injcctivc by 3.6. It is 
surjective by the same argument as the one used in (a). The proof of (b) is complete. 

By Lemma 4.3 (a), the diagram described in (c) is well-defined. Its commutativity 
follows from (b). ■ 

4.C. Parabolic restriction. In this subsection, we show that the above constructions 
are compatible with "restrictions" to parabolic subgroups of G. We need some notation. 
Let P' denote a parabohc subgroup of G containing P, and let L' denote the unique 
Levi subgroup of P' containing L. Let V denote the unipotent radical of P', and let 
v' — 7r-L,'{u). Then v' & v(V H L'). We start with some elementary properties. 

Proposition 4.5. (1) v' G . 

(2) IfAj^iv) = Aciv), then Aj^{v) = Aj^,{v). 

(3) //CgHcP, i/ienCL'K)cPnL'. 

Proof - By Lemma 1.1, we have dimCp(w) ^ dim CpnL' ('^') ^ dimCL(v). But 

dimCp(w) = dimCj,{v) 

because u e C*^. So, dim CpnL' ('i'') = dimCL(i'). This proves that dim (i'')pnL' = 
dimC + dim V n L'. So (v')pnL' is dense in C.(V n L'), that is v' e C^'. Hence (1) is 
proved. 

(2) follows from 3.9 applied to the Levi subgroup L'. Let us now prove (3). Let 
m e Cl{v'). We only need to prove that me P. But ""u e T;'.V'nC^C^;VnC^. So, by 
[Spa, Proposition II. 3. 2 (d)], there exists x E P such that '^u — ^u. So x~^m e Cg{u). 
But Cg{u) cP by hypothesis, so m e P. ■ 



Proposition 4.6. //Cg(m)cP, then Hg{L,v,1) nWi^>{L,v) = Hi^>{L,v,l). 
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Proof - By Proposition 3.8 (2), the subgroups Hg{'L,v, 1) fl Wi,i(L,v) and Hi^>(L,v, 1) 
have the same index in Wi^'CLjv) (this index is equal to |74l(v)|). Consequently, it is 
sufficient to prove that 

(#) Hg{L, V, 1) n W^L'(L, v) C Hj^^L, V, 1). 

Let 

F' = P' xp (S' X V)^i„,L- 

F' is an irreducible closed subvariety of X', and it is stable under the action of W-l,'(L,v) 
(indeed, the open subset O' = P' Xl S^^g is obviously M/l'(L, 'f) -stable). 

By Lemma 1.1 (2), the projection ttl' : P' — > L' sends an element of (S.V)^j„l 
element of (S.(V n L'))^';^^. So, it induces a map 7 : F' ^ (^min)]! ■ Moreover, the 
diagram 

O' ^F' 

7 

(Y')l ^ (Xmm)L 

is commutative. The ffist vertical map is W-l>(L, f )-equivariant, so, by density, the second 
vertical map is also Wi,i(L,v) equivariant. This proves (#). ■ 

Corollary 4.7. IfCG{u)cF and if Ai,{v) ^ Ag{v), then 

Proof - By Proposition 4.5 (2) and (3), (pY,v is well-defined. So Corollary 4.7 follows 
from Proposition 4.6. ■ 

Remark 4.8 - If G' is a connected reductive subgroup of G containing L, then it may 
happen that 

(z^^' ^ Res"^^^"^'"^ (z^^ 
An example is provided in Part II of this paper. □ 
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5. Endomorphism algebra of induced cuspidal character sheaves 



Hypothesis and notation : From now on, and until the end of this first part, we 

assume that C supports an irreducible cuspidal [Lu2, Definition 2.4] local system S. To 
this local system is associated an irreducible character ( of Ai^{v), via the Galois etale 
covering C*^* C. Let = Kl £^ (J-" is a local system on "S) and let jF^g denote 
the restriction of T to Sreg- K be the perverse sheaf on G obtained from the triple 
(L,^;,C) by parabolic induction [Lu3, 4.1.1] and let A denote its endomorphism algebra. 

In [Lu2, Theorem 9.2], Lusztig constructed an isomorphism : Q^gWciJ-i) — > A. This 
isomorphism is very convenient for computing the generahzed Springer correspondence. 
On the other hand, Lusztig's construction is canonical but not exphcit. The principal 
aim of this paper is to construct an explicit isomorphism 9' : Q(Wq,{\j) ^ Ahy another 
method. It turns out that this isomorphism differs from Lusztig's one by a linear char- 
acter 7 of WQ,{h). Knowledge of 7 would allow us to combine the advantages of both 
isomorphisms © and However, we are not able to determine it explicitly in general, 
although we can relate it to the morphism ip^^ defined in the previous section. Note that 
7 = 1 whenever L = T. 

In this section we recall some well-known facts about cuspidal local systems, parabolic 
induction and endomorphism algebra. Most of these results may be found in [Lu2] or [Lu3] . 
However, Theorem 5.4, which is a fundamental step for constructing the isomorphism 
0' defined above, was proved in full generality in [Bon2]. The isomorphism 0' will be 
constructed in §6. Wc will also prove in §6 the existence of 7 and its relationship with 
^^,v provide in §7 some properties of 7 which allow us to reduce its computation 

to the case where G is semisimple, simply-connected, quasi-simple, and P is a maximal 
parabolic subgroup of G. 



5. A. Parabolic induction. For the convenience of the reader, we reproduce here the 
diagram 2.4. 

Y 




We define j^reg = Q;*^reg '■ it is a local system on Y. Moreover, since E is L-equi variant, 

there exists a local system jF^cg on Y such that (3*J^rcg — ^rcg- By [Lu2, 3.2], the morphism 
TT : Y ^ Y is a Galois covering with Galois group Wg,{\j) = A^g(L)/L, so vr^jFj-cg = vrijFj-eg 
(because tt is finite hence proper) is a local system on Y. We denote by K the following 
perverse sheaf on G : 

(5.1) K = IC{Y,IC)[dimY]. 

where Tr^JS-eg = ^- Recall that Y = X, so dim Y = dimX. 
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We shall give, following [Lu2, §4], an alternative description of the perverse sheaf K. 
Let A be the following perverse sheaf on L : 

A = /C(S, JP)[dimS]. 

NotethatS = Z(L)°Cso A = Q4dimZ(L)°]K/C(C,£:)[dimC]. Since A is L-equi variant, 
there exists a perverse sheaf on X such that 

a*^[dimG + dimV] = P*K[dimP]. 

The perverse sheaf K is in fact equal to /C(X, ^reg)[diniX]. By [Lu2, Proposition 4.5], 
we have 

(5.2) K = Rn^K. 

The fact that C admits a cuspidal local system has a lot of consequences. We gather 
some of them in the next two theorems. 

Theorem 5.3 (Lusztig). (a) v is a distinguished unipotent element ofL. 

(b) A^g(L) stabilizes C and £, so Wg(L, S) = WqCL). 

(c) L is universally self-opposed. 

Proof - cf. [Lu2, Proposition 2.8] for (a) and [Lu2, Theorem 9.2] for (b) and (c). ■ 

The first assertion of the next theorem has been proved by Lusztig for p large enough 
by using the classification of cuspidal pairs [Lu5]. In [Bon2, Corollary to Proposition 1.1], 
the author gave a proof of the general case without using the classification. The second 
assertion is proved in [Bon7, Theorem 3.1 (4)]. 

Theorem 5.4. We have A-i,{v) — Ag{v) and Cg{u)(1P. 

By Theorem 5.4 and Lemma 3.12, we have 

(5.5) Wg(L, v) = Aj^iv) X W^(L, v), 
and, by Theorem 5.3 (b), we have 

(5.6) W^{L, v) ~ Wg{L) = Ng{L)/L. 
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5.B. Lusztig's description of A. For each w in W^(L,v), we choose a representative 
li; of w in A^g(L) fl Cq{v). By Theorem 5.3 (b), the local systems and {mtw)*J^ are 
isomorphic. Let 9yj denote an isomorphism of L-equivariant local systems JF (int w)*!F. 
Then 9^ induces an isomorphism O^j : ^rcg Jw^reg, where 7^ : Y — >• Y, (gjxL) 1— > 
(g, xw~^Ij) {cf. [Lu2, proof of Proposition 3.5]). Since 7r*7^ = tt*, Ti^Oyj is an automorphism 
of /C. By applying the functor /C(X, .)[dim Y], 7r*6'^ induces an automorphism of ii'. 
The automorphism 0^, as well as 9^, is defined up to multiplication by an element of 




By [Lu2, Proposition 3.5], {Qw)wew^{'L.v) is a basis of the cndomorphism algebra A of 
K ; moreover, by [Lu2, Remark 3.6], there exists a family (au,.,u)') it',ii''ei4'^(L,?;) of elements of 
Q^^ such that ©^uOu,/ = for all w and w' in W^q(L,w). Lusztig proved that it is 

possible to choose in a canonical way the family {9w)u;ew^{i.,v) such that Qw^w' = ^ww' for 
all w and w' in VF^(L, v). The next theorem [Lu2, Theorem 9.2] explains his construction. 

Theorem 5.7 (Lusztig). There exists a unique family of isomorphisms of local systems 
{9y, : T — > (int w)*^)^gvF^(L,,;) such that the following condition holds : for each w e 
VFq(L,v), 0^ acts as the identity on Ti.~'^^^^ K , where u is any element of C^. 

In the previous theorem, the uniqueness of the family {9w)wew^{'L,v) follows from the 
fact that 7Y~'^™^i^ 7^ for each u G C^. As a consequence, one gets that the linear 
mapping 

6: QeW^{L,v) A=EndMG{K) 
w I — > Quj 

is an isomorphism of algebras. 

Remark - In [Lu2, §3], Lusztig starts with an element w e Wg(L) and a representative 
w of w in A''g(L). Here, we have slightly modified his argument using the fact that 
H^q(L, v) ~ VrG(L) which implies that every w G M^g(L) has a representative in A'"g(L) fl 
C^{v). Such a choice of the representatives will allow us to provide another interesting 
family of isomorphisms {9'yj : T — > (int ti;)*.7-')^giy^(L,i;) (see §6.A). □ 

If X is an irreducible character of VFq(L, v\ we denote by K^^ an irreducible component 
of K associated to x via the isomorphism 0. 

Corollary 5.8 (Lusztig). For each u G C^, we have : 

(a) Hz'^'^^Ki = n-'^^^K. 

(b) 7i~'^^"^^ — for every non-trivial irreducible character x of Wq{L,v). 
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5.C. Restriction to the open subset Xmin. The restriction JCq of K[— dimX] to Xq is 
a local system [Lu2, 4.4], that is, a complex concentrated in degree 0, whose 0th term is a 
local system. In fact, K,o is the local system on Xq associated to the Galois etale covering 
Xq* Xq and to the character C of Ai^{v). Therefore, the restriction fCmm of K[— dimX] 
to Xjniii is a local system. More precisely, it is the local system associated to the Galois 
etale covering X^*j^ ^min and to the character (. Let i^mm denote the restriction of 
dimX] to Xmin. We have the following result. 

Proposition 5.9. We have ii'min = 7i'min,*^min- So, i^^min is Q construcUble sheaf, that is 
a complex concentrated in degree 0. 

Proof - Since TTjnin is finite, the functor VTmin,* is exact. The proposition follows from this 
remark and the Proper Base Ghange Theorem. ■ 



6. Another isomorphism between A and Q^Wq{L,v) 



The aim of this section is to construct an explicit isomorphism 0' between the endo- 
morphism algebra A and the group algebra QiW^{L,v). Our strategy is the following. 
First, note that the endomorphism algebra ^ of K is canonically isomorphic to the en- 

domorphism algebra of the local system /C on Y. To this local system is associated a 
representation of the fundamental group 7ri(Y, y) of Y (where y is any point of Y). This 
representation and its endomorphism algebra are easy to describe {of. 6.1). 



6. A. Representations of the fundamental group. Let denote an irreducible left 
Q£74L(i')-module affording the character (. We may, and we will, assume that 

^=(r*)*Q£®Q,A,(.)Vc> 

^reg = {frcg)*Qe '^Q^AlCi,) ^C' 

and ^rcg = {frcg)*Qe ®Q,A^iv) Vc- 

Here, is identified with the constant sheaf with values in V^. From the fourth equality, 
we deduce that 

Therefore, the endomorphism algebra of /C is canonically isomorphic to the endomorphism 
algebra of the Q^WgIL, i')-module Ind^^^^'''^ V(^. But, by 5.5, this endomorphism alge- 
bra is canonically isomorphic to Q^Wq(L,v). Since the functor IC(Y, .)[dimY] is fully 
faithful, it induces an isomorphism 



(6.1) 



& ■.Q,W^{L,v)^A. 
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This isomorphism may be constructed in another way. The action of an element w G 
A^g(L) n C^{v) on Sfgg, Y^*, and Y^* commutes with the action of ^l(w). Therefore, 

there exists an isomorphism 6'^ : T ^ {vaiw)*!F (respectively : ^reg (int'ii;)*^reg) 
which induces the identity on the stalks at zv (respectively 1 *l zv) for every z e Z(L)° 
(respectively for every z e Z(L)°gg). Then 

(6.2) /?V; = aXli:.g- 

Now, let = i"C(Y, 7r*r4)[dim Y] : K ^ K. By 6.2, there exists an element 7^ G Q/ 
such that 

(6.3) e{w) = 7«,e;. 

By looking at the action on the stalk at 2;^; G Y, one can immediately get the following 
result. 

Proposition 6.4. With the above notation, we have Q'^ = Q'{w) for every w G W^(L, v). 

Corollary 6.5. There exists a linear character j^^^^^ of the Weyl group Wq(L,v) such 
that 

for every w G VFq(L, v). 

Proof - This follows from Theorem 5.7, from 6.3, and from Proposition 6.4. ■ 

Example 6.6 - Whenever G is symplectic or orthogonal, L is quasisimple and p 7^ 2, 
Waldspurger [Wa, §VIII.8] has considered an explicit subgroup of M^g(L, v) (isomorphic to 
VFq(L, v) by the canonical projection) constructed by ad hoc methods and has computed 
exphcitly its action on the perverse sheaf K. It turns out that this subgroup coincides 
with Wq(L, v) whenever G is symplectic, but does not whenever G is orthogonal. In other 
words, he computed explicitly the linear character 7^^,^, up to the difference between our 
conventions. Wc give here his result. 

We assume that L 7^ T (if L = T, then 7^^,^ = 1 by Corollary 6.14 below). First, note 
that W^{L, v) is always a Weyl group of type C. We denote by 7 the linear character of 
Wq{Ij,v) defined as follows : it is the non-trivial linear character different from the sign 
character with value —1 on the reflection corresponding to the minimal Levi subgroup 
containing L having an irreducible root system (see Proposition 1.13 (a)). Then, by [Wa, 
Lemma VIII. 9], we have, for p 7^ 2 : 

(a) //G ~ SO„(F) and z/L ~ SOfc2(F) x (F^^)"^, then 7^^^^ = 7. 

(b) //G ~ Sp2n(F) and zfL ~ Sp^^+i) x (Fx)""^, then 7^,^^ = 7^ 

In the second part of this paper, the case where f is a regular unipotent element of L 
and p is good for G will be treated. If G is symplectic and L is of type Ci — Ai, or if G 
is special orthogonal in even dimension and L is of type D2 = Ai x Ai, then w is a regular 
unipotent element of L : the reader can check that the result given by Waldspurger [Wa, 
Lemma VIII. 9] (and stated above with our convention) coincides with ours. □ 
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Remark 6.7 - By the classification of cuspidal local systems in good characteristic 
[Lu2, §10-15], using Waldspurger's result [Wa, Lemma VIII.9] and our result whenever v 
is regular (see Part II), the only case which remains is when G is a spin group and v is 
not regular. □ 

If X is an irreducible character of Wq(L, v), we denote by K'^ an irreducible component 
of K associated to x via the isomorphism By Corollary 6.5, we have 

(6-8) K - 



6.B. Links between Tf^^^^ and (/'l,?;- The following proposition is an immediate conse- 
quence of 6.8 and Corollary 5.8 : 

Proposition 6.9. The linear character '-/^ ^ ^ ofW^(L,v) is the unique irreducible char- 
acter 7 of W^{L,v) satisfying 7i~'^^^^K'^ 7^ for some (or any) u G C^. 

If X is an irreducible character of Wq(L,v), we denote by -fCmin.x (respectively -f^min,x) 
the irreducible component of -fTmin associated to x via the isomorphism (respectively 
0'). Now, let be an irreducible Q^W^q(L, f )-module affording x as character. Then, 
since Wg(L,v) acts on X^j^^, it also acts on the constructive sheaf (7r^in)*Q£ and by 
construction we have 

(6.10) = (vr^iJ^Q, ^Q,w^(i.,.) (Vx ® Vc)- 

If X G Xiiiin, then {{TT^iin) *Qe) X is isomorphic, as a right Q(WG(L,v)-mod\i[c, to the 
permutation module associated to the set H^\WG{i^,v) (here, denotes the stabilizer, 
in Wg(L,v), of a preimage of x in X^j^). Since u G Xmm, the stalk of H~'^^^^ K'^ at u 
may easily be computed from this remark and from 6.10 : we have 

Prom this and from Proposition 6.9, we deduce immediately the following proposition. 

Proposition 6.11. The linear character 7l^„^^ is the unique irreducible character 7 of 
W^{L, v) such that (ResSJJ;:i)(7 ® C), l/fcCL,.,!)) ^ 0. 



Corolleiry 6.12. We have 

Proof - Since Aj^{v) — ^g(^^) and Cg(m)cP (see Theorem 5.4), the morphism (f^^^ : 
W^{L, v) — > Ai,{v) is well-defined. Hence, the corollary follows from Proposition 6.11 and 
Corollary 3.13. ■ 

Corollary 6.13. // |^L('y)| is odd, then 7^^^^ = 1- 
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Corollary 6.14. 7^^^ = 1. 



Example 6.15 - Assume in this example that f is a reg"w/ar unipotent element of L. In 
this case, Ai^{v) is abeUan [Spr] so C is a linear character. By Corollary 6.12, we get 

G /- G 

This case will be studied in full details in Part II. □ 

Questions : Corollary 6.12 shows that the image of the morphism cp^^ is contained in 
the center of the character ^. On the other hand, the image of the canonical morphism 
j„ : Z(L) /Z(L)° — > Ai,(v) is obviously contained in the center of Ai,{v). Does there always 
exist a morphism ip^^^ : W^{L,v) ^ Wg(L) Z(L)/Z(L)° such that (p^^^ = o -0^^ ? 
Is it exists, does it really depend on v ? 



7. Elementary properties of the character 7^, 



7. A. Product of groups. We assume in this subsection that G = Gi x G2 where Gi 
and G2 are reductive groups. Let L = Li x L2, v = (vi, ^2), C = Ci x C2 and C = Ci ® C2- 
Then it is clear that 

(7.1) W^{L, v) = W^^ (Li, V,) X W^^ (L2, V2) 

and that 



7.B. Changing the group. We use here the notation introduced in §4.B. In particular, 
we still denote by a subscript ?i the object in Gi corresponding to ? in G (e.g. Li, J^i, 
J^^rcg,!, Yi, Ki, Ai, Oi...). We have a-^{Y) = Yi. Note that the groups W^^(Li,vi) 
and Wq{L,v) are isomorphic via a by Lemma 4.3 (e). 

Lemma 7.3. The local system a*£i on Ci is cuspidal. It is associated to the irre- 
ducible character of Ai^^{vi) obtained from C, by composing with the surjective morphism 
Auivi) Ai,{v) {of. Lemma 4.3 {h)). 

Proof - This is immediate from the alternative definition of a cuspidal local system given 
in terms of permutation representations [Lu2, Introduction]. ■ 
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Proposition 7.4. (a) The restriction of a*{K) to Yi is isomorphic to Ki. 

(b) (7 induces an isomorphism & : Ai — A. 

(c) The diagrams 

Q,W^^{U,v,) ^ ^Ai 



e 



A 



and 



e' 



are commutative. 



A 



Proof - (a) follows from the Proper Base Change Theorem [Mil, Chapter VI, Corollary 
2.3] applied to the Cartesian square 




(b) follows from Lusztig's description of A. The commutativity of the first diagram in (c) 
follows from the fact that a{C^'^) = C*^ and from Theorem 5.7, while the commutativity 
of the second one follows from Proposition 6.4. ■ 

Corollary 7.5. We have 7g„_^ oa = 7li'„i,Ci- 



7.C. Pcirabolic restriction. Let Q be a parabohc subgroup of G containing P and let 
M be the Levi subgroup of Q containing L. It follows from [Lu2, Theorem 8.3 (b)] that : 



Proposition 7.6. 7^^.,c = Res;;|f4 7&,c- 
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Remark 7.7 - If G' is a connected reductive subgroup of G which contains L, then 
it may happen that 7l^^^^ 7^ ^^^w^^^lI) ^l^^^.C" example is provided by the group 
G — Sp4(F), as it will be shown in Part II of this paper. □ 

Remark 7.8 - Using 7.2, Proposition 7.6, Corollary 7.5 and Theorem 5.3 (b), the 
computation of 7l^„^^ can be essentially reduced to the following case : G is semisimple, 
simply connected, quasi-simple and L is a Levi subgroup of a maximal parabolic subgroup 
of G.' n 

Remark - Corollary 6.12 can be used to give alternative proofs of 7.2, Proposition 7.4, 
and Proposition 7.6 (as consequences of 4.2, Proposition 4.4, and Proposition 4.6 respec- 
tively). □ 



8. Introducing Frobenius 



8. A. Hypothesis and notation. In this section, and only in this section, we assume 
that F is an algebraic closure of a finite field. In particular, p > 0. We fix a power q of p 
and we denote by the subfield of F with q elements. We assume also that G is defined 
over ¥q and we denote by F : G — >^ G the corresponding Frobenius endomorphism. If 
g e G^, we denote by [g] (or [g]GF if necessary) the G-'^-conjugacy class of g. 

We keep the notation introduced in §5 (L, C, v, K, ©, 7^^^^...). We assume that 
L is F-stable. Then, by Theorem 5.3 (e), there exists n G N(^{L) such that F{P) ~ "P. 
Now, by Lang's theorem, we can pick an element g & G such that g~^F{g) = n~^. Then 
and are F-stable. Since we are interested in the family of all F-stable subgroups of 
G which are conjugate to L under G, we may, and we will assume that L and P are both 
F-stable. Without loss of generality, me may also assume that B and T are F-stable. 

We also assume that v and S are F-stable. Let w G W^{IjjV). We choose an element 
gw E G such that g~^F{gu,) = (recall that w is a representative of w in A^g(L) n 
C^{v)). We then put : 

T _ 9wT „, _ gw„, _ Qwf^ 

£^ = {adg:^^)*£, and J^^ = {adg:^^)*J^. 

Then is an F-stable Levi subgroup of a parabolic subgroup of G, G is conjugate 
to V in G-^ (because g^^F^gyj) G C^{y)), is the conjugacy class of in L^,,, £yj 
is an F-stable cuspidal local system on and = Kl £^ (as a local system on 
— Z(Ltf,)° X Cy,). 
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8.B. Two conjugacy results. In [Bon2, Proposition 2.1], we proved the following re- 
sult : 



Proposition 8.1. Let M and M' be two F-stahle Levi subgroups of {non necessarily F- 
stable) parabolic subgroups of G which are geometrically conjugate and let u' he a unipotent 
element o/M"^. Assume that the following conditions hold : 

(a) u' is a distinguished element of M, 

(b) A^g(M) stabilizes the class {u')m, o-nd 

(c) A^{u') = Ag{u'). 

Then [u']q,f n M' is a single ^i'^ -conjugacy class. 



Corollary 8.2. If w e W^{L,v), then [v]gf CiL^ = Ml^- 

Proof - This follows from Theorem 5.3 (a) and (c), from Theorem 5.4 and from the 
previous Proposition 8.1. ■ 

The next result implies [Lu3, II, 9.10.2]. 
CoroIIeiry 8.3. Let w e Wq{L,v). Then A^g^(Lu;) stabilizes [vyj]j^F. 



B.C. Chciracteristic functions. We choose once and for all an isomorphism of local 
systems (p : F*S S and we denote by Ag ^^ the class function on L-^ defined by 

^'^^^ \ otherwise, 

for any I e L^. Using the isomorphism O : Qf^WQCLjv) — > A, Lusztig defined an 
isomorphism of local systems (p^ : F*Su, £w Wc recall his construction [Lu4, 9.3]. Let 
6y, : £ ^ {a.dw)*£ be the isomorphism of local systems defined in Theorem 5.7. Then 6*^ 
induces an isomorphism of local systems 

F* o (ad (7-1)*^^ : F*£^ (ad^"^)* o F*£. 

Moreover, p induces an isomorphism 

{^dg7jrp:{^dg-yoF*£—^£^. 

By the composition of the two previous isomorphisms, we get an isomorphism 

Pw ' F £yj > £w 

Once the isomorphism ip is chosen, the isomorphism p^j depends only on the construc- 
tion of the isomorphism 9^,- By Corollary 6.5, the knowledge of the isomorphism 9y^ is 
equivalent to the knowledge of the linear character l^^^^c,- 



If X is an F-stable irreducible character of W^iJ^, v), then we denote by x the preferred 
extension of x to W^(L, x < F > (the preferred extension has been defined by Lusztig 
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[Lu3]). The choice of tp and % induces a weU-defined isomorphism 93^ : F*Ky. — > K^. 
We set, for every g e G^, 

f Y,{-iyTT{ni{^^),niK^) a g is umpotent, 

[ otherwise 

The importance of the knowledge of the characteristic functions X^^^^^ (equivalently, of 
the hnear character 7l^„^^) is given by the following theorem of Lusztig. 

Theorem 8.4 (Lusztig). If p is almost good for G and if q is large enough, we have 
'^■^^'^^ " \W°(L v)\ ^ x{'wF)^hA^£vj,^J- 

We conclude this section by explaining how the characteristic functions X^:^^^^ can 
be computed explicitly once the linear character 7l|^^^ is known (see [Wa, §VIII] for a 
particular case). It follows from Lang's theorem that the set of rational conjugacy classes 
contained in is in one-to-one correspondence with H^{F, A-l,{vw)) ~ H^{wF, Aj,{v)) — 
H^{F, Ai,{v)) (the last equality follows from the fact that W^(L,v) acts trivially on 
Ai^{v)). Let a e H^{F, Ai,[v)). We denote by a a representative of a in Ai,{v) and by 
Vw^a ^ representative of the rational conjugacy class contained in parameterized by a. 
If w = 1, we denote by Va the element v^^a- We have Va G L^. It must be noticed that 
K,a]L£ = KIg^ nL^ (c/. Corollary 8.2). ' 

By following step by step the construction of the isomorphisms (fu,, we obtain that the 
link between the class functions Xs^^ and A^^^,^^ is given in terms of the linear character 
7l^i),C- ^o^® precisely, we get : 

Proposition 8.5. Let w e Wq(L,v) and let a e H'^{F, Aj,{v)). Then 

Assume now until the end of this section that C is a linear character. In this case, we 
have 

(8.6) Xs^^^Jv^^a) = X£^,vAv^)C{a)- 

Note that ({a) does not depend on the choice of a because C is F-stable. Hence, we 
deduce from Proposition 8.5 the following result : 

Corollary 8.7. Assume that ( is a linear character, and let w e Wq{L,v) and a e 
H\F,Aj^{v)). Then 

On the other hand, if I ^ C^, then 
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Remark 8.8 - In the theory of character sheaves apphed to finite reductive groups, the 
characteristic functions Xs^^^^ play a crucial role, as it is shown in Theorem 8.4. The 
Corollary 8.7 shows the importance of the determining of the linear character 7^„_^- We 
will show in Part II how the knowledge of the linear character 7^^, ^ whenever v is regular 
and p is good for L leads to an improvement of Digne, Lehrer and Michel's theorem on 
Lusztig restriction of Gcl'fand-Graev characters [DLM2, Theorem 3.7]. □ 

Remark 8.9 - The characteristic function X^^^^^ depends on the choice of the isomor- 
phism if. Since £ is an irreducible local system, two isomorphisms between F*£ and £ 
differ only by a scalar. Hence the two characteristic functions they define differ also by 
the same constant. This shows that the formula in Corollary 8.7 cannot be improved, 
because the factor X^^^i^v) depends on the choice of the isomorphism (p. We can give it, 
by multiplying by a scalar, any non-zero value we want. □ 



38 



Actions of relative Weyl groups II 

Cedric Bonnafe 
February 1, 2008 

Abstract - The aim of this second part is to compute exphcitly the Lusztig 
restriction of the characteristic function of a regular unipotent class of a finite 
reductive group, improving slightly a theorem of Digne, Lehrer and Michel. We 
follow their proof but we introduced a new information, namely the computation 
of some morphisms (p^^ defined in the first part when u is a regular unipotent 
element. This new information is obtained by studying generalizations of the 
variety of companion matrices which were introduced by Steinberg. 

MSG Classification. 20G40, 14L99 

Introduction to this part 

Hypothesis and notation : We work under the hypothesis of the beginning of the first 

part. More precisely, we keep all the notation and hypothesis introduced until the end of 
Section 4 only. For instance, unless otherwise specified, we assume neither that C supports 
a cuspidal local system, nor that F is an algebraic closure of a finite field. However, the 
following assumption will be added and will remain in force all along this second part : 
we suppose that v is a regular unipotent element ofh. 

The aim of this second part is to compute explicitly the Lusztig restriction of the char- 
acteristic function of a regular unipotent class of a finite reductive group. Digne, Lehrer 
and Michel proved that this is again the characteristic function of a regular unipotent 
class [DLM2, Theorem 3.7], but they were not able to determine which one. In this 
paper, we follow their strategy (using extensively the theory of character sheaves) and in- 
troduce the new ingredients developed in the first part. The key point here is that we are 
able to compute explicitly the morphism (p^^ because v is regular (see Table 12.5) under 
some restriction on L. This new information allows us to obtain the desired precision on 
Digne-Lehrer-Michcl's theorem (see Theorem 15.12). 

The computation of the morphism (p^^ whenever v is regular in L, p is good for G and L 
is cuspidal (see §12. A or [Bon2, §1] for the definition of cuspidality) constitutes the hardest 
part of this paper. For this purpose, we introduce the variety = X n Uc fl cU~ (the 
variety UcflcU" was studied by Steinberg [Ste] in connection with regular elements) and 
its inverse image Xg and X^ under the morphisms 7f and n'. Here, c is a representative of 
a standard Coxeter element of W, and U~ is the unipotent radical of the Borel subgroup 
B" opposed to B relatively to T. It turns out that Xc is contained in the variety Xmin, 
that n Xc consists in a single element, and that Y H Xc is a dense open subset of X^. 
This shows that the computation of the stabilizer Hq,(L,v, 1) may be performed in the 
variety X^. 
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On the other hand, using and improving shghtly Steinberg's work, we can give a com- 
plete description of the varieties Xc and in terms of the root datum of G. However, it 
is not clear how Wg(L, v) acts on X^ through this description (the action of its subgroup 
Ai,{v) is well-understood). But, using some reduction arguments coming from Part I, the 
computation may be reduced to five cases : one lives inside the special linear groups and 
the four others live in classical groups of small ranks (less than or equal to 5). In the 
special linear group, the computation is done by brute force (see §13). In the remain- 
ing cases, another reduction argument shows that the result can be deduced from a very 
small information, namely the number of irreducible components of the variety X'^ (see 
§14. A). This variety is described as a subvariety of T given by very explicit equations 
(see Theorem 11.7). So the number of irreducible components can be easily obtained by 
a case-by-case analysis (see §14. B, C and D). 

This part is organized as follows. In Section 9, we recall some well-known preliminary 
results. In Sections 10 and 11, we introduce the companion variety and give the description 
of the varieties Xc and X^ defined above. In Section 12 we give a table providing the values 
of V whenever G is semisimple, simply connected and quasi-simple and L is cuspidal 
(the general case may be deduced easily from this table using results of Part I). We also 
give in the same section a useful compatibility property of the family of morphisms ip^^^ 
(see Corollary 12.4), and we explain how the results of this table may be reduced to five 
cases. Sections 13 and 14 are devoted to the proof of the result for these five cases. Section 
13 deals with the case of the special linear group while Section 14 deals with the four 
remaining "small" cases. The last section §15 concerns the application to finite reductive 
groups (Lusztig restriction of characteristic functions of regular unipotent classes) of all 
the material developed in these two papers. This was the original motivation of this work. 
It must be noticed that the final result (see Theorem 15.12) is in contradiction with [Bon2, 
Conjecture 2] ! 



Notation 



For the purpose of this part, we need some further notation regarding the root system 
and the Lie algebra of G. First, let r = |A| and let r' = |Al|. Note that r and r' are 
the semisimple ranks of G and L respectively. We set A = {cci, . . . , 0;^}- Let wq denote 

the longest element of W (with respect to the length function on W defined by A) and 
let c denote the Coxeter element Sq,^ . . . s^^ of W. Let be the Borcl subgroup of G 
opposite to B with respect to T and let U~ be its unipotent radical. We denote by g, 
t, b, b", u, and u~ the Lie algebras of G, T, B, B~, U, and U" respectively. For each 
a e $, we set = {dxa)i{l) G g so that e„ is a non-zero element of the 1-dimcnsional 
Lie algebra u„ of U^. Let $^ denote the coroot system of G relative to T, let $ ^ <l>'^, 
q; H- > q;^ denote the canonical bijection, and let A^ = {a^ | a G A}. 
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Since —wq permutes the elements of A, there exists a unique sequence 1 ^ ii < • • • < 
ir' ^ r such that Al = {— wo(Q;jJ, . . . , —wo{ai^,)}- With this notation, we can define 

U. = (U_^„(„,) - {1}) . . . (U_^„(«,) - {1}) CU 

and Ul,* = (U_^o(„,^) - {1}) . . . (U_^„(«,^j - {!}) = ttlIU.,). 

Then U* and Ul.* are locaUy closed subvarieties of G. 

Finally, wc denote by Z(G) the group of components of the center of G, that is Z(G) = 
Z(G)/Z(G)°. 

9. Preliminaries on regular elements 

This section is a recollection of well-known facts about regular elements in reductive 
groups. In §9. A, we gather some consequences of the regularity of v. In §9.B, we provide 
some conditions for regular elements lying in B subgroup to be conjugated in G. 

9. A. Reguleirity of v. First, since there is only one regular unipotent class in L, we have 

W^g(L,S) = WciL). 

Moreover, C = Luni- Therefore, 

S.V = Z(L)°.P„„i. 

This shows that m is a regular unipotent element of G. Without loss of generality, we 
may, and we will, assume that 

and V = . . e Ul,*. 

Note that v = tt-l{u). We recall the following well-known results about the structure of 
the centralizer of m in G : 

Proposition 9.1. (a) Cciu) = Z(G) x Cv{u). 

(b) Ifp is good for G, then Au{u) — {1}. 

(c) If p is bad for G and if G is quasi-simple, then u ^ C^{u) and A\j{u) is cyclic 

and generated by the image of u. 

(d) Cg{u) is ahelian, therefore Ag{u) = -2(G) x A\j{u) is also abelian. 

The following corollary shows that many results of Part I are vahd in this situation. 
Corollary 9.2. CG(ii)cP. 

We now provide a description of the variety X using the Steinberg map V. 



Proposition 9.3. X = V-^(V(Z(L)°)) . 
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Proof - By definition, 

X= U ^(Z(L)°P,„0 = U ^(Z(L)°L,,iV). 

geG geG 

It follows from Lemma 1.6 that X is contained in V^^ (V(Z(L)°)) . 

Conversely, let y G (V(Z(L)°)) . Let z denote its semisimple part. We may assume 
that z G Z(L)°. Now let G' = C^{z) and P' = C^{z). Then, by [Bor, Corollary 11.12], 
y G G'. Moreover, by [DM, Proposition 1.11], P' is a parabolic subgroup of G'. Hence 
there exists (? G G' such that ^y G P'. But, since g centralizes z, the semisimple part of 
^y is equal to z. Consequently, ^y G 2;P[j^i C Z(L)°Puni- Hence y G X. ■ 

Proposition 9.4. Xmin is the set of elements ofX. which are regular in G. 
Proof - Indeed, dimCi,{v) = dimT because v is regular in L. ■ 

9.B. Regular elements in B. If two elements of the Borel subgroup B are regular in G 
and conjugate under some element g & G, then it is possible, in many cases, to conclude 
that fif G B. The next lemma provides three different conditions under which this result 
holds : 

Lemma 9.5. Let b and b' be two G-regular elements lying in B and let g & G. Assume 
that nr{b) — 7rT(&') and that b' — ^b. Assume that at least one of the following conditions 
holds : 

(1) b is unipotent. 

(2) g is unipotent. 

(3) The derived group of G is simply connected. 
Then g eB. 

Proof - Let s (respectively s') be the semisimple part of b (respectively b'). By Lemma 
1.6 applied to the case where L = T and P = B, s and s' are conjugate under U. Hence 
we may assume that s — s'. In particular, g G Cg{s). 

Let X (respectively x') denote the unipotent part of b (respectively b'). Then x and x' 
are regular unipotent elements of Cq(s) and they both belong to Cb(s) : this group is 
connected [Bor, Theorem 10.6 (5)] and is a Borel subgroup of Cq(s) [DM, Theorem 1.8 
(ii) and (iii)]. Consequently, Cb(s) is the unique Borel subgroup of Cq(s) containing x 
(respectively x'). This implies that g G -/Vcg(s)(C'b(s)) (indeed, x' — %). 

Since iVc^(s)(CB(s)) = Cb(s), the conclusion follows from the fact that, if either (1), 
(2) or (3) holds, then g G Cq(s). Indeed, in case (1), we have s = 1 so Cc,{s) = G is 
connected. In case (2), gf G Cq(s) by [Bor, Corollary 11.12]. In case (3), since the derived 
group of G is simply connected, the group Cg(s) is connected [St2, Corollary 8.5]. ■ 

Remark - In general, the conclusion of Lemma 9.5 does not hold. For instance, if 
G = PGL2(F), if B consists of upper triangular matrices and T of diagonal matrices. 
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and if p 7^ 2, then the conclusion fails for the following elements : 



Here 



a b 
c d 



1 
-1 



and 



1 

1 



denotes the image in PGL2(F) of the invertible 2x2 matrix 



under the canonical morphism GL2(F) — > PGL2(F). □ 



a b 
c d 



10. Companion variety 



lO.A. The Bruhat cell associated to a Coxeter element. The Bruhat cell BcB 
is a central object in Steinberg's paper [Ste] (recall that c = ■ ■ ■ s^^ is a standard 
Coxeter element in W). Here are two results taken from [Ste] which are of fundamental 
importance for our purpose. 

Theorem 10.1 (Steinberg), (a) All elements o/BcB are regular [Ste, Remark 8.8]. 

(b) // G is semisimple and simply connected, then the restriction Va : Uc fl cU" — > 
T/W ofV is an isomorphism of varieties [Ste, Theorem 1.4]. 



Remark - Whenever G = SLr+i(F), it is possible to choose U and c in such a way that 
UcPlcU" is the set of companion matrices. In this case. Theorem 10.1 (b) is well-known. 
So, in an arbitrary reductive group G, the closed subvariety UcflcU" of G may be viewed 
as a generalization of the variety of companion matrices. We call it the companion variety 
of G. □ 

In the next proposition, we extend slightly [Ste, Proposition 8.9] and, in the rest of this 
section, we provide some immediate consequences of this result. 



Proposition 10.2. The map 



I/O : (u n ^u) X (u n '^u-) — > u 

{u,v) I — > c'^ucvu"^ 



is an isomorphism of varieties. 



Proof - By [Ste, Proposition 8.9], the map uq is bijective. Moreover, the varieties U and 
(U n "^U) X (U n ^U~) are smooth, hence normal. Therefore, by [Bor, Theorems AG. 17.3 
and AG. 18. 2], we only need to prove that the differential (cii/o)(i,i) is surjective. 
The linear map ((it'o)(i,i) can be described as follows : 

(cii/o)(i,i) : (un(Adc)(u)) © (un(Adc)(u-)) — > u 

u(Bv I — > Ad c~^ (u) + V — u. 



43 

Since the dimension of both F- vector spaces is equal to dim U, we only need to prove that 
((ii/o)(i,i) is injective. So let © v e Ker((ii/o)(i,i)- Write 

u = ^ ttaCa and = ^ K^a 

where $^ = fl c($'^). If a is any root, there exists G such that (Adc)~^(ea) = 
Ca^c-^{a)- We have {Ad c)~^{u) + v — u = therefore, 

Let a E We denote by ka the smallest natural number such that c'^"(q;) G $~ and 
we define 

= {q;,c(q;),...,c'=«-^(q;)} 
and 5„ = {c(a), . . . ,c'^"~^(a)}. 

Note that = ii ka — 1- Then, by [Bou, chapter VI, n° 1.11, Proposition 33 (iv)], we 
have 

= II Aa. 

It imphes that 

= II 

ae^c 

Let Q! e $~. If /Co, = 1, then 60, = by (ft). If ka ^ 2, then it follows from (jj) that 

'^c(ci)Cc(Q:) 
«c(a) = ac2(a)Cc2(Q,) 

a^fea-l^Q-) = 0. 

From this wc deduce that Oq,/ = for all a' e Ba and that ba — 0. Finally, we get 
u = V = 0. m 

In view of our apphcations, the most important result of this subsection is given by the 
following corollary, which is a straightforward consequence of Proposition 10.2. 



CoroIIeiry 10.3. The map 



u: Ux(UcncU-) — > UcU 
{u,g) I — > ugu-^ 



is an isomorphism of varieties. 
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Proof - By Proposition 10.2, the map 

t/i : (U n ^"'U) X (Uc n cU") — > Uc 
{u,g) I — ^ ugu'^ 

is an isomorphism of varieties. By [Bor, Theorem 14.12 (a)], the map 

1/2 : Uc X (U n ^"'U") — > UcU 
{x,v) I — > xv~^ 

is an isomorphism of varieties. Hence, the map 

(u n ^"'U") X (u n ^"'u) x (Uc n cU") — > UcU 

{v,u,g) I — > 1/2 {vui {u,g),v) = vugu-'^v~^ 
is an isomorphism of varieties. The result follows then from the fact that the map 

(un^^'u-) X (un^^'u) — > u 

{v, u) I — > vu 
is also an isomorphism of varieties [Bor, Remark following Theorem 14.4]. ■ 

CorollEiry 10.4. The maps 

(U n ^U) X (B n '^B-) — > B 

{u, h) I — > c~^ucbu~^ 

U X (Be n cB-) — > BcB 

{u,g) I — > ugu 

are isomorphisms of varieties. 



10. B. A technical lemma. By [Ste, Lemma 4.5], ""'(TU*) is contained in BcB. In 
particular, all its elements are regular. Let uq : "'°(TU*) — > T denote the morphism of 
varieties that sends '^°{tu) to t for alH e T and u E\J*. Finally, let 

u : ^°(TU*) n UcU — > T 

denote the restriction of ujq. 

Lemma 10.5. If G is semisimple and simply connected, then uj is an isomorphism. 



Proof - First, let us prove the result whenever G — SL2(F) and whenever we have made 
the following choices : 

a;„ : F — > G 
1 a 
1 

: F — > G 

1 



a 



a 



a 1 
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a 
a 



a 



-1 



and Sn, — 



-1 

1 



Note that wq — c — Sa- Here, a = q;i denotes the unique positive root. Then we have, 
for all a e FX, 



Xr,(a)snXn(a = a"^ (a)x^,Ja] 



Moreover, ) e "'°(TU*) if and only if aa' = 1. This proves Lemma 10.5 in 

this particular case. 

Now, we prove the Lemma 10.5 in the general case. First, note that if the result holds 
for some representative c of c, then it holds for any. We will prove Lemma 10.5 by using 
the following choice. For each 1 ^ i ^ r, let Gj denote the subgroup of G generated by 
Uq. and U_„j. Then G^ ~ SL2(F) since G is semisimple and simply connected. We 
choose a representative of in Gj. To prove (a), wc may (and wc will) assume 
that c = ■ ■ ■ Sar- By the previous computation in SL2(F), there exists a morphism of 
varieties /j : — > U_q,. — {1} such that 

VaeF^ eU„^s„,U„,. 

Now let 

/ : (F^)'' — > ^«(TU,) 

(ai,...,a^) I — ^ a'({ai)fi{ai) .. .a^{ar.) friar). 

Since '"«(TU*) = T([J_ai - {1}) • • • (U_a, - {1}), the image of / is indeed contained in 
"'o(TU,). Moreover, 

/(Oi, ...,ar)e {UaiSai Uq.]^ ) (Uq,2<Sq,2 Uq,2 ) . . . (Uq,j,Sq,^ U,.JcUcU, 

and <^(/(ai, ■ ■ ■ , Or)) = («i) ■ ■ ■ «r 

for any (oi, . . . , a^) G (F^)''. Since G is semisimple and simply connected, the morphism 
of algebraic groups 

a : (F^)" — > T 

(ai,...,a,) ^ "'»K(ai)...<(a,)) 

is an isomorphism of algebraic groups. Hence, f = / o : T —>■ "'°(TU*) n UcU is a 
morphism of varieties and 

a; o f = Idx . 

To complete the proof of (a), we now only need to show that cu is injective. Let g and h be 
two elements of "'°(TU*) fl UcU such that uj{g) = uj{h). Then, by Lemma 1.6 applied to 
the case where L = T and P = B, we have V{g) = V(/i). Since Vc : Uc n cU~ T/W 
is an isomorphism (c/. Theorem 10.1 (b)), g and h are conjugate under U (c/. Corollary 
10.3). In other words, '^°g and '^°h are conjugate under an element x e U~. But '^°g and 
'^°h are regular elements of B (indeed, g and h belong to UcU C BcB so they arc regular 
by Theorem 10.1 (a)). Hence, by Lemma 9.5 (2) or (3), x e B. Therefore x — 1 and the 
injectivity of cu follows. ■ 
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For further investigation, we will need an explicit formula for the inverse of the mor- 
phism ljj. This formula can be obtained from the proof of Lemma 10.5 as follows. By 

definition, the group G is scmisimple and simply connected if and only if (Q;^)aeA is a 
basis of V(T). Wc denote by {wa)a&A the basis of X(T) dual to {a^)a&A- Then, for a 
suitable choice of the family (s^, Xq,, a;_Q,)agA and of Wq, and if c = s^^ . . . Sq,,,, wc have 

for any t (This follows from the proof of Lemma 10.5.) We set, for each 1 ^ i ^ r, 

r 

(10.6) Xi = ^ai- ^ {-Wo{ai),a^)way 

j=i+i 

Then {xi)i <r is a basis of -'^(T) and, from the previous formula, we get : 

Corollciry 10.7. Assume that G is semisimple and simply connected. Then, for a suitable 
choice of the family {sa, Xa, a^-a)aGA and of wq, and if c — ■ ■ ■ s^r, we have 

for any t 

11. Companion variety and Jordan decomposition 

This section is concerned with the study of some varieties related to the companion 
variety. In order to use the strongest results of [Ste] and of the previous section, we need 
however to make the following hypothesis. 

Hypothesis : Until the end of ^11, we assume that G is semisimple and simply connected. 

For the convenience of the reader, we will recall, in each result stated until the end of 
§11, that G is assumed to be semisimple and simply connected. 

ll.A. Companion veiriety and peirabolic subgroups. Let A : T — > U and // : T — > 

Uc n cU~ denote the morphisms of varieties defined, for any i e T, by 

u-\u-\t))^{X{t),m 

or, equivalently, by 

X{t)ii{t)X{t)-^ ^uj-\t). 

Remark 11.1 - By Lemma 1.6, the semisimple part oi uj~^{t) is conjugate to t. There- 
fore, iJ,{t) = V^^(V(t)), because Va : Ucfl cU~ — > T/W is an isomorphism of varieties 
(c/. Theorem 10.1 (b)). □ 

We consider here the following varieties 

Xa = xn(UcncU-) 

= V7i(V(Z(L)°)) 
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and Xc 

The equality Xfl (UcncU~) = Vj^ (V(Z(L)°)) comes from Proposition 9.3 and Theorem 
10.1 (b). Then, Xc is a closed subvariety of X isomorphic to V(Z(L)°), and Xc is a closed 
subvariety of X. Since all the elements of X^ are regular (c/. Theorem 10.1 (a)), we have 

Xc d Xmin and XcCXmin. 

We denote by tTc : X^ — > X^ the restriction of tt. The square 



X, 



X, 



TTc 



is cartesian, so tTc is a finite morphism. 

We denote by Va : X^ ^ Z(L)° the restriction of V : X ^ Z(L)°. We also set 



Xc: Z{Ly 

z 



X. 



A(^) ^Wq *p Wq^Ix! ^{z)Wo. 



note that Xc is well-defined and that it does not depend on a choice of a representative 
Wo of Wq. 

Theorem 11.2. Assume that G is semisimple and simply connected. Then, the maps Vc 
andiic are Wc^Vj-equivariant isomorphisms of varieties inverse of each other. Moreover, 
the following diagram 



Xc 



Z(L)^ 



TTc V 



Xc — -V(Z(L)°) 



is commutative. 



Proof - First, the commutativity of the diagram is clear. Also, the 14^G(L)-equivariance 
of Vc follows from the same property for V. Therefore, we only need to show that Vc 
and Xc are inverse of each other. Moreover, one can easily check that Va o Xc = Idz(L)° • 
To prove that Xc o Va = Mx^, we only need to prove that Va is injective. 

Let g*p X and g' *p x' in Xa be such that Vc{g *p x) — Vcig' *p x') — z. We may, and 
we will, assume that x and x' belong to B. By Corollary 1.6, the semisimple part of x and 
x' are conjugate. But, by Theorem 10.1 (b), Va : Uc fl cU^ T/W is an isomorphism. 
Hence gxg~^ = g'x'g'~^. Now, let h = g~^g' ■ Then x = hx'h~^, and 7Tt{x) = t:t{x') = z. 
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Moreover, x and x' are regular. It follows from Lemma 9.5 (3) that /i G B. In particular, 
g*P X — gh*p h~^xh — g' *p x' . The injectivity of Va follows. The proof of Theorem 11.2 
is complete. ■ 



Example 11.3 - Let us assume here, and only here, that P = B, so that L = T. In 
this case, Xc = Uc n cU~ and 

Xc = {fi- *B a; e G Xb B | gxg~^ e Uc n cU~}. 

Theorem 11.2 proves that, if G is semisimple and simply connected, then Xc is isomorphic 
to T ; the isomorphism is given by X^ — > T, gf *b 3; i-^ T^Tix). Moreover, the diagram 



X, 



Uc n cU- 



T/W 



is commutative. □ 



Remark 11.4 - Let us assume in this remark, and only in this remark, that C supports 
a cuspidal local system and let us use here the notation introduced in Sections 5, 6, 
and 7 (C, A, K, JC...). 

Let Kc denote the restriction of K[— dimX] to Xc and let /Cc denote the restriction of 
/C to Yc- Since Xc is contained in Xmin, Kc is the restriction of K^am to X^. In particular, 
it is a constructible sheaf. Moreover : 



// G is semisimple and simply connected, then — IC (Xc, /Cc) . 



Indeed, by the proper base change theorem [Mil, Chapter VI, Corollary 2.3], we have 

Kc = {7rc)*Kc, 

where Kc denotes the restriction of dimX] to X^. By Theorem 11.2, the morphism 
TTc : Xc — Xc is a finite morphism and the variety Xc is smooth. Therefore, by [Lu2, 
Example following Definition 5.4.4], it is sufficient to prove that Kc is a local system, that 
is a complex concentrated in degree whose 0th term is a local system. But XcCXmin, 
so X^cXinin- So K^ is the restriction of the local system Kmim so it is a local system. □ 
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11. B. Jordan decomposition. In order to get explicit informations on the Jordan 
decomposition of companion matrices, we need to use Corollary 10.7 which is a partial 
result in this direction. For this purpose, wc need to make the following hypothesis (the 
reader may check that the general case may be deduced from this particular one by slight 
modifications) : 

Hypothesis : From now on, and until the end of ^10, we assume that the family 
{sa,Xa,X-a)aeA, that wq, and that c are chosen in such a way that Corollary 10.7 holds. 
For instance, we have c — Sa^... ■ 

Let be the inverse image of Xg in X' under the morphism /. It is also equal to 
the inverse image of X^ under the morphism tt'. Moreover, since X^cXmin, we have 
X'^cX^j^. Finally, let : X^ — > X^ and tt^ : X'^ — > X^ denote the restrictions of the 
morphisms /min and vr^^jj respectively. The aim of this subsection is to give an explicit 
description of the variety X^. 

Let us fix here a subtorus S of T such that T = S x Z(L)°. Let = Z(L) n S. Then 
Zl ~ Z(L). We set 

X^ = {{z,t) e Z(L)° X S I VI ^ ^ r', x^,{z)a.,^tr' = !}• 

We will construct here an AL(f )-equivariant isomorphism X^ x Auj^{v) X^. Here the 
action of A-l,{v) ~ Zl x A\j^{v) is given by right translation by Zj, on S and by right 
translation of Ajj^^ (v) on itself. 

Let us introduce some further notation. By Corollary 10.7, we have, for every {z, t) e 

(11.5) *^o"'(u;-^(z)) e zvV. 
Now, let 

v: XI ^ V 

{z,t) I — ^ v-'^z-^*'^o\cj-\z)). 

Then v is a morphism of varieties, and, by construction, we have, for every {z,t) e Xj, 

(11.6) ''^o'H^)^(^z)^zvv{z,t). 
Now, let 

x',: XlxA^M X( 

{z,t,a) I — > X{z) ^wot ^ *p {aCl{v),z,v{z,t)). 

It is a well-defined morphism of varieties by 11.6. Finally, let 

~g,:XlxArjM^^(Lr 
denote the projection on the first factor of Xj. 
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Theorem 11.7. Assume that G is semisimple and simply connected. Then is an 
Ai,{v)-equivariant isomorphism of varieties, and the diagram 



9c 



Z(L)^ 



fc 



is commutative. 



Proof - The commutativity of the diagram is clear. The equivariance under the action 
of Ai,{v) is also clear. Now, let us prove that x^ is an isomorphism of varieties. For this, 
we construct an exphcit inverse of x^. Let 

Xi = {{g,l,z,x) eGxLx Z(L)° x V | ^Izvr^x) e X^}. 

Let {g,l,z,x) e X^. Then, by Lemma 1.6, the semisimple part of ^{lzvl~^x) is conjugate 
to so ^{lzvl~^x) = ii{z). In particular, 

zvil-^xl) = ^~'<^~'^^'^~''^°(w^^u-\z)wo). 

But zv{l~^xl) and Wq^uj^^^z)^}^ are regular elements of B having the same image under 
ttt (here, z). Since G is semisimple and simply connected, we get from Lemma 9.5 (3) that 
l~^g~^\{z)~^WQ. We denote hy t — s{g,l,z,x) the projection of T^T{l~^g~^\{z)~^'WQ) on 
S. Then s : X^ — S is a morphism of varieties. Moreover, by comparing the coefficients 
of zv{l^^xl) and Wq^uj^^{z)'Wq G TU* on the simple roots belonging to Al, we get that 
(t, z) G X\. In particular, 'Ki^(l^^g^^\{z)^^WQt^^) belongs to 7a{L)°C\j^{v). We denote by 
a(5', /, 2;, x) the image oi Tii^{l~^g'^\{z)~^WQs{g,l, z,x)~^) in Ai^{v) : in fact, it belongs to 
A\j^{v). We have constructed a morphism 

/o: Xa XlxA^^{v) 

{g,l,z,x) I — > {z,s{g,l,z,x),a{g,l,z,x)). 

It is straightforward that /o factorizes through the canonical quotient morphism Xc — > X^. 
We denote by 

V,:X',^XlxA^M 

the morphism obtain after factorization. An immediate computation shows that V^ox^ = 
IdxixAu (f)- conclude the proof of Theorem 11.7, we just need to show that is 
injective. 

Let g *p {lC^{v), z, x) and g' *p (I'C^iv), z', x') be two elements of Xc having the same 
image under V^. By changing of representatives, we may, and we will, assume that 
I — I' — 1. Also, it is clear that z — z'. But then, we have 

^{zvx) = iJi{z) = iJi{z') = ^ {zvx') 
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that is 

zvx — ^ ^ {zvx'). 

By Lemma 9.5 (3), we deduce that g~^g' G B. Moreover, the projection of g~^g' on L 
belongs to Ci^{v). But, since s{g,l,z,x) = s{g',l,z,x') and a.{g,l,z,x) = a.{g',l,z,x'), 
it is easy to deduce that this projection belongs to C^{v). We write g^^g' = my, where 
m G C^{v) and y G V. Then, by the definition of the action of P, we get that g *p 
{Cliv),z,x) = g'*p {l'Cl{v),z',x'). m 



Remark 11.8 



Combining Theorems 11.2 and 11.7, we get that the diagram 

V' 



X'. 



fc 



X, 



z{Ly 



X, 



V(Z(L)°) 



is commutative. Each horizontal map is an isomorphism. □ 



12. The morphism (p^^ for v regular 



We turn back to the general situation, that is, wc no longer assume that G is semisimplc 
and simply connected. In view of applications to Gel'fand-Graev characters, we need to 
compute explicitly the morphism (p^^ for v regular, and L cuspidal (see §12. A for the 
definition). However, we are only able to do it whenever p is good : the result is then 
given by Table 12.5. The proof is done by a case-by-case analysis, after some reduction 
arguments coming from Part I. It involves explicit computations in the root system of 
G, which are necessary to determine the structure of the variety X'^ as it is shown by 
Theorem 11.7. This proof is done in Sections 13 and 14. It requires mainly technical 
computations. 



12. A. Cuspidal groups. The morphism : Z{G) -2^(L) (recall that Z{G) = 
Z(G)/Z(G)°) is well-known to be surjective (see for instance [DLMl, Lemma 1.4]). If 
there is no ambiguity, we will denote it simply by hi^. The group G is said cuspidal if 
Ker/iL 7^ {1} for every Levi subgroup L of a proper parabolic subgroup of G. 

Remark 12.1 - Note that this definition coincide with the one given in [Bon2, §1] or 
[Bon5, §2]. □ 
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We recall some results on cuspidal groups. For a proof, the reader may refer to [Bon5, 
§2 and 3] for instance. 

Proposition 12.2. (a) IfG is cuspidal and if a : G ^ G is an isotypic morphism, then 

G is cuspidal. 

(b) A cuspidal group is universally self-opposed (see ^l.E for the definition). 

(c) // G is cuspidal then any irreducible component of $ is of type A. 

(d) Ifhis cuspidal, then Ai^{v) — Aq{v). 

Proposition 12.2 (d) and Corollary 9.2 show that the morphism cp^^ is well-defined 
whenever L is cuspidal. 

Hypothesis : From now on, and until the end of this paper, we assume that L is cuspidal 
and that p is good for G. 

We start this section by a compatibility property of the family of morphisms (p^^ 
whenever L runs over the set of cuspidal Levi subgroups of parabolic subgroup of G. We 
prove this fact a priori. It could have been checked using the explicit computation of these 
morphisms but we have thought that it is more interesting to give a proof not relying 
on the classification. This compatibility is crucial for the application to Gel'fand-Graev 
characters. 

12. B. Compatibility. Let P' be a parabolic subgroup of G containing P and let L' 
denote the unique Levi subgroup of P' containing L. Let V denote the unipotent radical 
of P' and let v' = 7ri^'{u). So we are in the set-up of §4.C. Note that v' is regular and 
that V — Tr-L,{v') — Tr-i,{u). In [Bon5, §4], the author defined a morphism 

PL,L>: A^g(L',^;')^A^g(L,^). 
By [Bon5, §4], this morphism induces a morphism 

and its restriction to Az,i(v') ~ -2(L') coincide with the map h]^ : Z(L') — > Z(L). 

Proposition 12.3. Ifhis cuspidal and p is good for G, then 

Pl,l',u{Hg{'L',v'))cHg(L,v). 

Proof - By the commutativity of the Diagram 4.7 in [Bon5], we may replace u by 
any other regular unipotent element. Therefore, we may (and we will) assume that 
u — Pi^aeA ^a)' where (3 : gnji —>■ Guni is a G-equivariant morphism of varieties inducing 
an homeomorphism between the underlying topological spaces. Let , and p^, denote 
the sum of the positive coroots (relative to T) of G, L an L' respectively. By [Bon5, 

End of §5.B], the canonical morphisms (^A^g(L,i;) n CG(Imp^)^/Z(L)° WG{h,v) 
and (NG{h\v') n CG(Imp^,))/Z(L')° WG{h' ,v') are isomorphisms. Therefore, if 
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w belongs to Wg{L,v) or VI/g(L', w'), we denote by li; a representative of w lying in 
Ng(L,v) n CG(InipL) -^g(L', v') n CG(InipL') respectively. In particular, w normal- 
izes CL(ImpL) — C'L'(InipL') — T. On the other hand, we have [Bon5, 5.10] 

NG{'L',v')nCG{Impl,)GNG(L,v)nCG{lmpl) 

and the morphism pl,l',m is induced by this inclusion. 

The Borcl subgroup Bl' = B n L' of L' contains Cl,{v'). Therefore, L'/Cl,{v') ~ 
L' Xb^, Bl'/^l' ('"')■ Consequently, 

(#) K' X V ~ P' Xb (BlVC^(^) X Z(L')° X V), 

where S'l, is the analogous of the variety S' but defined using L' instead of L, and 
B = Bl'.V acts on (Bl'/C£,(t;') x Z(L')° x V) by restriction of the action of P'. Finally, 
we get an isomorphism 

X(,,L' - G Xb (BlV^^l'K) X Z(L')° x V), 

where Xq l, is the analogous of the variety Xq but defined using L' instead of L. We can 
then define a morphism 

Q . ^/ ^ 

9 *B {b'Cl!{v'), z,x) ^ g *B {Mb')Cl{v), z, 7:l{h'v'h'-^)-^h'v'h'-^x). 

The reader can check that Q is a well-defined morphism of varieties. Let u'-^^, denote the 
element of X^/ defined analogously to u' (see §02). It is clear that Vt{u'-^^i) = u'j^. By 
restriction to X^j^j^ ^,, we get a morphism Quiin '■ ^'mm,!,' ~^ ^min- So it remains to show 
that the morphism flrain is PVg(L', f ')-equivariant. 

By density, it is sufficient to prove that its restriction Qreg to X^^'reg ^^0(1^',^')- 
equivariant. But, ^'o,L',reg - G/C£,(v') x Z{L%g and 

^reg ■ ^0,L',reg ^ -^0 

{gCl,{v'),z) ^ {g*^{Cl{v),z,v-^v')) 

Let Z(L)°^g+ = {z e Z(L)° | Cg{z)cL'}. Then Z(L)°^g_+ is an open subset of Z(L)° 
containing Z(L)°gg U Z(L')°gg. We set 

X'o,+ = G Xb (BjCliv) X Z(L)°,g,+ x V). 

Then the image of fl^eg is contained in Xq .,.. Moreover, by Corollary 1.5, we have 

K,+ ^ G Xb„ (BjCliv) X Z(L),V X (VnL')). 

Now, if ty e VFG(L',t''), then w acts on Xg ^. as follows. If g *b^, {bCl{v), z,x) G Xq ^_ 
then 

(g *Bl/ {bCl{v), z, x)).w = gw {w'~-^bwCl{v),w~^zw, w~'^xw). 

Indeed, this follows fromthe fact that w normalizes Bl', VflL' and Ci,{v) (see [Bon5, §5] 
This action coincides with the action of Pl,l',u(w) G pyG(L,w), as it can be checked by 
restriction to the open subset Y'. Therefore, Qreg is VFg(L', v'j-equivariant. ■ 
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Corollary 12.4. IfL andV are both cuspidal, i/ien pl.l'.uIM/'gIL', "J^')) ^ ^g(L; "i^) 
the diagram 



is commutative. 



PL,L',u 



Z{L') 



W°^{l.,v) ^Z(L) 



Proof - The fact that pl,l',w(W^g(L',^')) ^ VrQ(L,t;) has been proved in [Bon5, Propo- 
sition 6.3]. The commutativity of the diagram then follows from Proposition 12.3. ■ 



12. C. The classification. The Table 12.5 gives the values of the morphism tp^^ when- 
ever V is regular, G is semisimple, simply connected and quasi-simple, L is cuspidal, 
and p is good for L (for the classification of pairs (G, L) where G is semisimple, simply 
connected and quasi-simple and L is cuspidal, the reader may refer to [Bon5, Table 2.17]). 

Table 12.5 must be read as follows. In the first column, the diagram of G is given. 
The diagram of L corresponds to the black nodes (except if in the first row of the Table 
in which case L is of type A^i-i x . . . A^-i. To each white node (which corresponds to 
the elements a of A — Al) is associated an element of order 2 of lyG(L) ^ ^^^(L,^) 
(c/. Proposition 1.13 : it is a reflection for its action on X(Z(L)°)). The number (1 or —1 
or w^) written just behind this white node is equal to the value of (p^^ at this element of 
order 2. Note that it belongs to Ai,{v) ~ Z{L) which is given in the third column. The 
second column gives the type of the Weyl group W^{L.iV) ~ VFg(L). The last column 
gives some conditions on p or r for which the situation is possible. 

We need to give an explanation for the value vj\ which appears in type for r even. 
If we number the simple roots of G as in [Bou, Page 256], that is 



-o- 

Oi2 




then vj\ denotes the minuscule weight associated to ai, and we identify it with its image 
in Z(G), which is isomorphic to Z{1j) in the unique situation where it appears. 

Remark - As it is explained in Section 4, Table 12.5 is sufficient for determining the mor- 
phism for every reductive group G (not necessarily semisimple and simply connected) 
under the following hypothesis : v is regular, p is good for L, and L is cuspidal. □ 
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G, L, <pI^ 


lype of Wg{L) 


Z(L) 


Remarks 












Ar+\ 1 
d 




a 1 r "h i 























m o — • • • — ® o > m 

-1 -1 1 


Br-l 
2 




Pt^ 2 
r odd 


m o • o — m > o 

-1 -1 -1 


2 


M2 


r even 


O O O < -» 

1 1 -1 




M2 


/ o 

P 7^ 2 


^» 

« Q- m Q- » OCT 

< < 1^ 


Br— 2 
2 




r even 


• o • o — ■■■ — m o^C^^ ^ 

-1 -1 -^^^ 


J--' _ 

2 


A*2 


r even 


• o • o — m oc:^ , 

-1 -1 -l^^l 


B^ 

2 


M2 


» ^ 2 
r even 


• o m — m 

-1 -1 


Br-3 
2 




p^2 
r odd 


O O O O;^''''^ 

1 1 1 


-Br-2 


M2 


p^2 




• • o • it 




^2 


M3 




1 

lo 






> 




M2 


p^2 


3 O Q 9 O • 

1 1 T-1 -1 
• 



Table 12.5 
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12.D. Reductions. Before coming to tlie proof of tlie results given by Table 12.5 (which 
will be done in Sections 13 and 14), we reduce the number of cases which remain to be 
treated by brute force using results from Part I. By Proposition 1.13 (b) and Corollary 
4.7, it is sufficient to deal with the following cases : 

Case A : (G,L) is of type {Ar,Aa-i x ^l^-i), with r — 2d — 1 odd and p does not 
divide d. 

Case B : (G, L) is of type (5,3, Ai x Ai), and p ^ 2. 

Case C : (G, L) is of type (C2, ^1), P 7^ 2, and the root of L is a long root for G. 
Case D : (G, L) is of type {D^, Ai x A3), and p 7^ 2. 
Case E : (G, L) is of type {D4, x Ai x Ai), and p 7^ 2. 

In Section 13, we will give a proof for the case A, while Section 14 is devoted to the 
remaining cases, for which we use Theorem 11.7 to perform the computations in the root 
system of G. 



13. Groups of type A 



We assume in this section, and only in this section, that G = SLr+i(F), that 

L = {diag(Ai, ...,Ak) \ (yi^i^k, Ae GLrf(F)) and dct(Ai . . . Ak) = 1}, 

where r + 1 = dk, and that p does not divide d. For simplifying notations, we setn = r + 1. 
Note that r' = [d — \)k = n — k. 

Remark - As noticed in the introduction of this Appendix, it would have been sufficient 
to handle with the case k = 2. However, the general case may be treated as well. □ 



13. A. Notation. We choose for B the group of lower triangular matrices of G, for T the 
group of diagonal matrices of G, and for c the following matrix : 

/ (-1)"-^ \ 

1 



c = 







\ ... 1 / 

Note that det c = 1, so that c G G. We denote by fi^ the group of d,th roots of unity in 
F^. We have \iJ,^\ — d since d is prime to p. If 2; e F^, we denote by t{z) the matrix 

diag(ld, ...,ld,2;ld), 

where Id denotes the dxd identity matrix, li z & /i^, then t{z) G Z(L) and the morphism 
fj,^ — * Z(L), z I— > t{z) induces an isomorphism /x^ ~ -^(L). Note that, if ^ ^ /i^, then 
t{z) ^ G. 
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If m is a non-zero natural number, wc denote by Jm the m x m matrix 

/I \ 

1 1 ■•• : 

Jm= ■ • . ■ • . ■ • . : 

; ■•. ■•. ■•. 

\ ... 1 1 y 

Finally, we may, and we will, assume that 

V = diag(Jd, . . . , Jd). 



13.B. The varieties T/W, UcHcU", and V(Z(L)°). Let F„[X] denote the set of monic 
polynomials P in the indeterminate X of degree n with coefficients in F and such that 
P(0) = (—1)". Then T/W is isomorphic to F„[X] and, via this isomorphism, the map V 
is identified with 

V: G ^ ¥^[X] 

g I — > det{Xln-g). 

If P e F„[X] and if Q G ¥[X], we denote by Q'' the class of Q in ¥[X]/{P). Let 
M{P) denote the matrix of the multiplication by X in ¥[X]/{P), computed in the basis 
Bp = . . . , (Xy-^). If P = X" + a„_iX"-i + --- + aiX + (-1)", then 



M{P) 



/O 
1 





(-1)"-^ \ 

: -Oi 

: 







e Uc n cU' 



1 -a„_i / 

Hence the map M : F„[X] — > Uc fl cU~ is an isomorphism of varieties and is the inverse 
of V,. 



Proposition 13.1. The variety V(Z(L)°) ~ Xc is smooth : it is isomorphic to the affine 
space A'''"^(F). 



Proof - With these identifications, V(Z(L)°) is isomorphic to the image of the morphism 
of varieties 

p: ¥k[X] F„[X] 

p I ^ pd 

To prove Proposition 13.1, it is sufficient to prove that p induces an isomorphism between 
¥k[X] and its image (which is a closed subvariety of F„[X] since the composite morphism 
Z(L)° — s> T — s> T/W is finite as the composite of two finite morphisms). But, if P = 
X'' + Gk-iX''-^ + ■■■ + aiX + {-1)^ e ¥k[X] and if 1 ^ i ^ A; - 1, then the coefficient of 
^{d-i)k+i pd -g q£ ^Yie form 



dai + polynomial in a^+i, . . . , ak-i- 
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The proof of Proposition 13.1 is completed by the fact that d is prime to p. ■ 
Now, let 

0^{{zi,...,Zk) \ zi...Zk^ I and yi ^ i < j ^ k, Zi Zj} 

and d: O ^ Z(L)°,^ 

{zi,...,Zk) I — > diag(zild, . . . 

Then d is an isomorphism of varieties. We will often identify in this subsection Z(L)°gg 
with O via the isomorphism d. 

If 2; = {zi, . . . ,Zk) is an element of O, we denote by the polynomial 

k 

Pz = l[{X-Zi)''e¥4x]. 

1=1 

Note that i^{d{z)) = M{P^) (indeed, V(d(^)) = P^), where : T ^ Uc n cU" is the 
morphism defined at the beginning of Subsection 11. A (c/. also Remark 11.1. 

Proposition 13.2. There exists a morphism of varieties </? : O — > G such that 

'^^'\d{z)v) = M{P,) 

for any z & O. 

Proof - Let 2 G O. We denote by : ¥[X]/{P^) F[X]/(PJ, a ^ X^'^a. lil^i^k 
and 1 ^ j ^ (i, we set 

k 

p,,ii-i)d+j = zf-'ix - z,y-' J[{x- zsY. 

s=l 

If 1 ^ i ^ /c, let Ei denote the subspacc of F[X]/ (P^) spanned by the Pz^(i-i)d+j, ^ ^ j ^ d. 
Since deg P2,(j_i)d+j < deg P2,(j_i)<i+j' < degP^ whenever l^j < f ^ d, the family 

(P2;^(i-i)d+j)i ^ j < d is a basis of Ei. Moreover, Ei is contained in the characteristic 
subspace associated to the eigenvalue Zi of the endomorphism pz- Since Zi ^ Zii if 
1 ^ i' ^ k, and for dimension reasons, we have 

¥[X]/{Pz)^E,(B---(BEk, 

\/l ^ i ^ d, dim Ei — d, 

and (P^fji ^ r < n is a basis of ¥[X]/{Pz). 

It is immediately checked that the matrix of pz in this basis is equal to d{z)v. On the 
other hand, M{Pz) is the matrix of p^ in the basis Bp^. Therefore, if we denote by ^'{z) 
the transition matrix from the basis Bp^ to the basis {Pz,i '\ ■ ■ ■ ^ Pz,n then we have 

^'^^\d{z)v) = M{Pz). 

Moreover, ip' : O ^ GL„(F) is a morphism of varieties, by definition of the polynomials 
Pz,r (l^r^n). 



59 



Now let 

^(z) = n ~ 

1 < i<j ^ k 

and let (p{z) — (p'{z)t{S{z)~'''). Since t{S{z)~''') commutes with d{z)v, we have 

^^'\d(z)v) ^ M(P,). 

Also, if : Z(L)°gg — > GL„(F) is a morphism of varieties. Hence, in order to prove Propo- 
sition 13.2, we only need to prove that (p{z) e G for every z & O. This is equivalent to 
the following equality : 

(13.3) detip'{z) = d{zf. 

Proof of 13.3 - If 1 ^ i ^ A; and 1 ^ j ^ d, we put 

k 

Qz,{i-l)d+j = (^^' - ^i)^"^ JJ(X''" - ZsY = zl~'^P^^^i_i)d+j- 

s=l 

We denote by G{z) the transition matrix from the basis Bp^ to the basis {Qz,i, ■ ■ ■ , Qz,n)- 
Since . . . 2;^ = 1, we have det G{z) = det (p'{z). 
Now, if 1 ^ i ^ and 1 ^ j ^ d, we put 

i-l 

Rz,{i-i)d+j ^ {X — Ziy~^^^{x ' — zsY- 

s=l 

We denote by H{z) the transition matrix from the basis Bp^ to the basis {Rz,i-, ■ ■ ■ , Rz,n)- 
It is obvious that det if (2;) = 1 (indeed, H{z) is unipotent upper triangular). Let I{z) 
denote the transition matrix from the basis {Qz,i, • • • , Qz,n) to the basis {Rz,i, ■ ■ ■ , Rz,n)- 
It is equal to G{z)~^H{z). Hence, the equality 13.3 is equivalent to 

(*) det I {z)^5{z)-'^\ 

Now, let us prove (*). If m is a natural number, we denote by Dm : F[X] F[X] the 
endomorphism of the F-vector space ¥[X] such that, for any P e ¥[X] and any a e F, we 
have 

P=Y1 Dm{P){a){X-ar. 

(If p = 0, then D„,{P) = ^p(™) where p(™) denotes the mth derivative of P.) The 
operators Dm {m e N) satisfy the Leibniz rule : 

m 

Dm{PQ) = Y,Ds{P)Dm-s{Q) 
s=0 

for all m e N, and P,Q e F[X]. 
If 1 ^ i ^ /c and 1 ^ j ^ d, we put 

C(,_i)d+,-: F[X] F 

P ^ D,_,{P){z,). 
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It is a linear form on ¥[X] and it factorizes through F[X]/ (Pz)- We still denote C(i_i)rf+j : 
F[X]/(P2) — > F the factorization of C(i^i)d+j. Let 1 ^ r 7^ s ^ n. We have 

Consequently, the basis (Cj.)i^r^n is, up to multiplication by scalars, a dual basis of 
{Qz,r)i ^n- Thcsc constants are determined by the following identity : 

k 

(13.4) C^i-i)d+j{Q{i-i)d+j) = - ^sY- 

s=l 

Let (C^)i ^ r ^ n+i denote the dual basis to {Qz,r)i ^ ^ «• We have C'^{Rz,s) = if 1 ^ s < 
r. This proves that the matrix I{z) is lower triangular. Hence the determinant of I{z) is 
determined when one knows the diagonal coefficients. Using the identity 13.4, we obtain 
that, for all 1 ^ i ^ and 1 ^ j ^ we have 

i-l 

c[i-i)d+j{Rii-i)d+j) = ^ = — ■ 



This gives 



s=l s=i+l 



k d k 

det i{z)-' = n n n - = k^t 

1=1 j=\ s=i+\ 

as desired. This completes the proofs of 13.3, and of Proposition 13.2. 
If we mimic the proof of Theorem 11.7, we get : 



CoroIIeiry 13.5. The map 

(z,a) I — > {z,ip{z)T{a)Cl{v)) 

is an isomorphism of varieties. 



13. C. Action of &k- The group VFg(L) = Ng{L) is canonically isomorphic to the sym- 
metric group on k letters &k- If e ©fe, we denote by w the permutation matrix by 
blocks associated io w : w ^ GL„(F) and each block is either the zero dxd matrix either 
the dx d matrix 1^. Let 

w = wr{e{w)) 

where e : &k F^ is the signature of S^. Then det w = 1, w is a representative of w in 
Ng(L), and, more precisely, 

(13.6) w e NomnC^iv). 
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The group &k acts on O by permutation of the components : this action corresponds, 
via the above identifications, to the natural action of 1^g(L) on Z(L)°gg by conjugation. 
Moreover, if z e O and ii w e 6^, then ijL{d{z)) — ijL{'^d{z)). It follows from Proposition 
13.2 that 

V{z)-'^rz)w G Cg{zv) = CM. 

(Indeed, Cg{zv) = Cg{z) n Cg{v) and Cg{z) = C^{z) = L since z e O and G is 
semisimple and simply connected). 

Proposition 13.7. If z E O and w e &k, then the class of ip{z)~^ip{'^z)w in A-i,{v) ~ 
Z^L) depends neither on z, nor on (p, nor on the choice of a representative w of w in 
Ng{L) n Cq(v). It depends only on w and is equal to the class of T[e{wY~^). 

Proof - The class of ^p{z)~^(p((^z)w in Ai^{v) does not depend on z because O is con- 
nected. If : O ^ G is another morphism of 3 such that '^^^\zv) = M{Pz) for any ^ e O, 
then ip{z)~^ (t){z) e Cg{zv) — Ci,{v). Again, the connexity of O imphes that the class of 
(p{z)~^(l){z) in Ai^{v) does not depend on z. Moreover, if lii' is another representative of 
w in NgCL) n C^{v), then w~'^w' G L n C^{v) = Cl{v). This proves that the class of 
ip{z)~^ip{'^z)w in Ai,{v) ~ 2(L) does not depend on the choice of w. Let us denote it by a. 
If j{w) (respectively 7'(w)) denotes the class of ip{z)~^ip{'^z)w (respectively (t){z)~^(f){^z)w 
in Ai,{v)), then ^'{w) — a~^^{w)'^ a — ^{w) because &k acts trivially on A-i,{v) ~ 2(L). 

Now let us prove that '-/{w) is equal to the class of r(e(u')^~^). If z G O and if w G &k, 
then Pwz = Pz- The matrix (p[z)~^(p{'^z) is the transition matrix from the basis 

{Pz,1t ■ ■ 1 Pz,n-d,^{z) '^Pz,n+l-dT ■ ■ i^iz) '^Pz,n) 

to the basis 

(P^z,!, - ■ ■ 1 P^z,n-d:^{^z) Pw^^n+l-d: - ■ ■ i ^{^ z) '^Pw^^n)- 

Hence it is equal to 

T{S{zf)w-W{S{'"z)-'^). 
But 6{^z) = 6{w)d{z). In particular, 

ip{z)-^ip{'"z)w = TidizffTidizyeiwyMeiw)). 

Since &k acts trivially on 2(L), the class of ip{z)~^if{'^z)w in Ai^{v) is equal to the class 
of 

T{6{zy)T{S{z)-''e{w)-'')r{eiw)) = T{e{wy-''). 
But s{wy~'^ = e{w)''^^ because e{w) G {1, —1}. The Proposition 13.7 follows. ■ 

Corolleiry 13.8. We have, for every w G &k, V^^vi"^) — '^{^^~^{'^))! expected. 

Proof - Let >V = {iw,a) e Wg(L;v) x Aj,{v) \ a = r(£'^~^(w))}. Then, by Proposition 
13.7, W is the stabilizer of any irreducible component of Y^. Since is smooth (c/. The- 
orem 11.7), then any connected component of is irreducible, and is in fact the closure 
of an irreducible component of Y^. Therefore, the stabilizer of any element of X^ must be 
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contained in W. In particular, Hg{Ii,v,1) gW. But \Hg{Ii,v,1)\ = |W| by Proposition 
3.8 (2), so the corollary follows. ■ 

14. Small classical groups 

14. A. Reductions. We assume in this subsection that G is semisimple, simply con- 
nected, quasi simple, that L is a Levi subgroup of a maximal parabolic subgroup of G, 
and that L is cuspidal. We also assume that p ^ 2, that p is good for G, and that the 
family {sa,Xa,x^a)aeA is chosen in such a way that Corollary 10.7 holds. Here is a list 
of consequences of this hypothesis : 

Lemma 14.1. Under the above hypothesis, we have : 

(1) \Wg(L)\^2. 

(2) dimZ(L)° = 1. 

(3) If s is the non-trivial element o/W^g(L) and if z E Z(L)° , then = z~^ . 

(4) The closed subset Z(L)° — Z(L)°gg o/Z(L)° consists of elements of order 1 or 2. 
Consequently, |Z(L)° - Z(L)°gg| = 2. 

(5) Let z e Z(L)° - Z(L)°gg and x E G be such that x'^zx e Z(L)°. Then x e 
Cg{z)^C°g{z). 

Proof - (1) follows from Proposition 1.13 (b) and Proposition 12.2 (b). (2) follows from 
the semisimplicity of G and the maximality of L. Since Cg(Z(L)°) = L, the element 
s G 1Vg(L) induces a non-trivial automorphism of Z(L)°. Hence (3) follows from (2) 
and from the fact that a one- dimensional torus has a unique non-trivial automorphism, 
namely the one sending an element to its inverse. 

Now, let z e Z(L)° be an element of order 1 or 2. By (3), s e Cg{z), where s is a 
representative of s in A''g(L). But, since G is semisimple and simply-connected, Cg{z) is 
connected [St2, Theorem 8.2]. So C^{z) = Cciz) ^ L. Therefore, z ^ Z(L)°gg. 

Conversely, assume that z e Z(L)° - Z(L)°gg. Then G' = C^{z) = CgIz) L. So, 
since L is cuspidal, |Wg'(L)| = 2. Hence, it follows from (1) that s e G', that is that 
z = z~^. In other words, z is of order 1 or 2. The proof of (4) is complete. 

Let z G Z(L)° - Z(L)°^g and a; G G be such that x~^zx G Z(L)°. There is nothing to 
prove if z is of order 1 and, if z is of order 2, then, by (2), z is the unique element of order 
2 of Z(L)°. So x G CGiz) = C^{z). m 

From now on, we denote by z the unique element of Z(L)° of order 2, and we set 
G' = Cg{z). Then, by Lemma 14.1 (5), 

Wg'{'L,v) = Wg{'L,v). 

Wc denote by s the unique non-trivial element of W^CL, v) = W^iCL, v). We assume that 
^L,vi^) — 1' which means that s stabilizes the element u[. 

Remark - In cases B, C, D and E, we are under these hypothesis. Indeed, this may be 
checked case- by-case using 4.2. □ 
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Let X° be the irreducible component of containing u'^ (or, equivalently, u). Since 
(^L.U-^) = 1) -5 stabilizes X°. Let A be the stabihzer, in A-l,{v), of X°. Then the stabihzer 
of u' is contained in VFq(L, v) x A. 

Moreover, by Theorem 11.7, X° is isomorphic to F^, and Xc is also isomorphic to F^. 
We will denote by F^ for the variety F^ identified with X°, and simply F^ for the same 
variety identified with X^. With these identifications, the restriction of fc to X° — > X^ 
may be identified with the map /° : — > F^, x i— > x", where n = \A\, and A may be 
identified with acting on F^ by translation. The fact that /° is VFq(L, v)-equi variant 
shows that the action of s on F^ is given by 

Vx e F^, = 

where k is some element of Since the action of A commutes with the action of s, we 
deduce that n = 1 or 2, so that k — ±1. 

Since u' may be identified with 1 e F^ , we have 

(14.2) ^-vlAs). 

where /Lt„ is identified with A which is a subgroup of Ai,{v). 

Lemma 14.3. With the above notation, ^^^{s) = (—1)""^, with n equal to \A-i,{v)\/i 
where i is the number of irreducible components ofX.'^. 

Proof - Indeed, if n = 1, then k e fj,^, so k = 1. On the other hand, if n = 2, then u'^ 
may be identified with a preimage of —1 in F^, that is to a fourth root of unity, say i. 
But, since H — i, we get that k — —1. The Lemma then follows from Formula 14.2. ■ 

Lemma 14.3 gives an easy criterion for computing ^^^{s). Indeed, n is equal to the order 
of Ai^{v) ~ Z{L) divided by the number of irreducible components of X^. This number 
can be determined using Theorem 11.7 and easy computations in the root system. This 
fact will be used in the next subsections for completing the proof of Table 12.5. 

14. B. Case B. Until the end of%14.B, we assume that G ~ Sp4(F), that L ~ SL2(F) x 
F^ and that p 7^ 2. So G is semisimple and simply connected of type C2. 

We identify -'^(T) with 7? and we denote by (si, £2) the canonical basis of -'^(T) = 1?. 
Let Oil — 81 — 62 and 0^2 = 2^2 • Wc identify A with {ai, 02}, so that Al = {cx2}- Note also 
that Wo = — Id. Let {e\, 6*2) denote the basis of Y{T) dual to (^i, 62). Then a( = e\— £3 
and a2 = £2- Hence (07^^,11702) = (^i^^i + ^2)- Then F(Z(L)°) is spanned by el- 

We denote by S the subtorus of T such that y(S) =< £^ >. We have T = Z(L)° x S. 
By 10.6, we have 

Xl = ^ai - 0:2) = 2£i + £2, 



and 



X2 = = £1 + £2- 
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By Theorem 11.7, we have 

X', ~ {(^,t)GZ(L)°xS|x2(^)«2(t) = l} 
~ {(a, 6) eF^ xF^ I ab^ ^1} 

Therefore, X'^ is connected. Since = 2, we get from Lemma 14.3 that <p^^y{s) — — 1, 

as it is expected from Table 12.5. 

Remark 14.4 - By the above computation, we have 
(see Remark 7.7). □ 

Remark - The value of <f^^{s) in this case has been obtained using a different method 
by J.L. Waldspurger [Wa, Lemma VIII.9]. See also Example 6.6. □ 



14. C. Case C. Until the end of^l^.C, we assume that G ~ Spin7(F), that L is of type 
AiX Ai, and that p 7^ 2. So G is semisimple and simply connected of type B^. 

We assume that the basis A = {ai, q;2, Q^a} of $ is numbered in such a way that its 
Cartan matrix is given by 

/ 2 -1 

((«i,«J»i^ij^3= -12-2 

\ -1 2 

In particular, Al = {ai, as}. Note that wq = — Id. In this case, we get 

— Oil + 2q;2 + 2q;3, 
T^as = -(ai + 2q;2 + Sas). 

As a consequence, it follows from 10.6 that 

Xi = 2ai + 3q;2 + Seta, 
X2 = 2q;i + 4q;2 + Saa, 

X3 = ^(Q;i + 2Q;2 + 3Q;a)- 

Now, let y = aX + 2a^ + a^. Then F(Z(L)°) =< y >. Let S be the two-dimensional 
subtorus of T such that F(S) =< aX,a^ >. Then T = Z(L)° x S. By Proposition 11.7, 
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we have 

~ {(^,t)GZ(L)°xS|xiW«iW = landx3(^)«3W = l} 
~ {{a, b, c) e FX X F>< X FX I xi(l/(a))aiK(^)«2 (c)) = 1 

and X3iyia))a^{a'({b)a^{c)) = 1} 

- {{a, b, c) G FX X FX X FX I a^'^c'^ = 1 and ac'^ = 1} 

- {{a,b) e FX X FX I 0^52 = 1} 
~ FX X /i2. 

Then, by 14.2 and Lemma 14.3, we get that <p^^y{s) — 1. 



14. D. Case D. Until the end of^l4-D, we assume that G ~ Spinio(F), that L is of type 
Ai X As, and that p 7^ 2. So G is semisimple and simply connected of type B^. 

We assume that the basis A = {ai, 0:2, as, a^, a^} of $ is numbered in such a way that 
its Cartan matrix is given by 





2 


-1 











\ 




-1 


2 


-1 















-1 


2 


-1 


-1 












-1 


2 







v 








-1 





2 


/ 



In particular, Al = as, 0^4, 0^5}- Note that ~wq permutes the simple roots a4 and cts 
and stabilizes the other simple roots. So (ii, ^2, ^3, ^4) = (1,3,4,5). We get 



5, 

X2 = 2q;i + 4q;2 + 5q;3 + -(q;4 + as), 

7 

Xa = 2q;i + 4q;2 + 6^3 + -(a4 + as), 

1, n o 1 7 , 

1/ o o 3 5 , 
X5 = -(«! + 2q;2 + 3q;3 + -a4 + -"5). 



Now let y = 0L\\2ai\ 2a^ + < + a^. Then F(Z(L)°) =< y >. Let S be the four- 
dimensional subtorus of T such that F(S) =< > "^3 > 0^4 > "^5 >• -^Y Theorem 11.7, we 
have 

{X\{z)ax{t) = 1 
X5(^)a4(t) = 1 
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If we identify Z(L)° to via and S to (F^)^ via the isomorphism 

(FX)4 , S 

{b,c,d,e) I — > a2{b)a^{c)a^{d)a^{e), 

we get that 

r a%-' = 1 

X( = {{a,b,c,d,e)e{FX)'\ I ^^^^ I 1> 

[ ac-^d^ = 1 

{ ac^d-^e-^ = 1 
= {(a,c,(i,e) e (F^)^ I <^ a-^c-^e^ = 1} 

[ ac-^d'^ = 1 

= {(<i,e)6(F>')'|e-' = l}. 
Again, using Lemma 14.3, we get that ^^y{s) = 1, as expected. 



14. E. Case E. This case is the easiest. Indeed, the invariance of the problem under 
the order 3 automorphism of G yields immediately the answer, because 1 is the unique 
invariant element in -Z(L). 

Remark - The courageous reader can try to use the previous methods to find another 
proof of this last result. This is of course possible, as the author has checked by himself. □ 

The proof of the results stated in Table 12.5 is now complete. 



15. LUSZTIG RESTRICTION OF CHARACTERISTIC FUNCTIONS OF REGULAR 

UNIPOTENT CLASSES 



From now on, and until the end of this paper, wc assume that we are in the situation 
of Section 8, that is, we assume that G is defined over a finite field. Recall that we also 
assume that v is a regular unipotent element. Finally, we assume that C supports a 
cuspidal local system, and that p is good for G. Consequently we can use all the results 
proved in the first part and in the previous sections of this second part. 

The aim of this section is to compute the Lusztig restriction of the characteristic 
function of the G^-conjugacy class of u (which is a regular unipotent element of G). 
Here, M is an F-stable Levi subgroup of a parabolic subgroup of G. It is expected to 
be the characteristic function of the conjugacy class of some regular unipotent element 
u' e : this result has been proved whenever p is good and q is large enough for G. 
In this section, we determine explicitly the G'^-conjugacy class of u' : this precision was 
not in [DLM2]. However, as for Digne-Lehrer and Michel's theorem, our result is proved 
only whenever p is good and q is large enough. 
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This section is organized as follows. In §15. A, we recall the definition of a map between 
the set of G^-conjugacy classes of regular unipotent elements in to the corresponding 
set in M^. This map was constructed in [Bon2, page 279]. We also provide a proof 
for some properties of this map which were announced in [Bon2, Proposition 2.2]. In 
§15. B, we prove the main result, that is the computation of the Lusztig restriction of the 
characteristic function of the G-'^-conjugacy class of u. 

Hypothesis and notation : We assume all along this part that we are in the situation 
of Section 8. We also assume that p is good for G. Finally, we fix an F -stable Levi 
subgroup M o/ a parabolic subgroup Q o/G. 

As a consequence of these hypothesis, we may (and we will) identify Ag{u) with Z{G) 
via the canonical isomorphism. 

15.A. Restriction map for regular unipotent classes. Let Reguni(G^) denote the 
set of regular unipotent classes of G^. We recall in this subsection the construction of a 
map res^ : Regyjji(G^) Reg^^j(M^) which was made in [Bon2, page 279]. For a proof 
of all the results used here, the reader may refer to [Bon2]. 
Let us first consider the easiest case : if Q is F-stable, we set 

p^: Reg^JG^) Reg,,i(M^) 

It is well-known that well-defined and does not depend on the choice of Q. 

Now, let us come back to the general case. We fix an F-stable Borel subgroup Bm of 
M, and an F-stable maximal torus Tm of Bm- We denote by Lm the unique minimal 
standard Levi subgroup of a parabolic subgroup Pm of M (standard with respect to the 
pair (Tm,Bm)) such that the canonical map Z(M) —>■ Z(Lm) is an isomorphism. By 
unicity, Lm and Pm are F-stable. Moreover, the map is bijective. 

Now, by minimality, Lm is quasi-cuspidal, so it is universally distinguished. Therefore, 
there exists a unique standard Levi subgroup LJ^ of a parabolic subgroup P^ of G 
(standard with respect to (T, B)) which is G-conjugate to Lm- Since Lm is F-stable, L'j^ 
and Pm are F-stable. Moreover, by Proposition 8.1 and Proposition 12.2 (d), the map 

c: Reg^„i(L;^) — > Reg„^i(L^) 

is bijective. 

Using the above notation and properties, we define the map resM to be the composition 
Reg,.i(G^) ^ Reg,,,(LJS) Reg^A^Q ^-^ Reg,,,(M^). 

We recall some properties of these restriction maps (proofs of these fact may be found 
in [Bon5, §7]). First, 

(15.1) resM is independent of the choice of Q. 
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Moreover, if M is an F-stable Levi subgroup of an F-stable parabolic subgroup of G, 
then 

(15.2) res^ = p^. 

To state the next property, we need to introduce some further notation. First, we denote 
by : H^{F,Z{G)) H^{F,Z{M)) the map induced by (it is surjective). Now, 
let U G Regyjjj(G^) and let z e H^{F, Z{G)). Wc denote by Qz an element of G such that 
g~^F{g^) e Z(G) and represents z. We then define = ^"W. Then G Rcg^,^(G^), 
and depends only on z, and not on the choice of the element Qz- Moreover, since 
Ag{u) ~ 2{G), the map 

H\F,Z{G)) Reg,.i(G^) 
z I — > Uz 

is bijective. Also, since Qz may be chosen in M, it is immediate that 

(15.3) res^W^ = (res^W)hG(^). 

The last result is a transitivity property [Bon5, Proposition 7.2 (c)] : if M' is an F-stable 
Levi subgroup of a parabolic subgroup of G containing M, then 

(15.4) res^ = res^' ° res^, . 

15. B. Lusztig restriction to L^,. If w G W^{\j,v) and if 2; G H^{F, Z{h)), then 

(15.5) \ClSv.,zf\ = |Z(L)°-^| /. 



Proof of 15.5 - Indeed, 

But C\j^{v) is a connected unipotent group of dimension r', so for every Frobenius mor- 
phism F' defining an F^-structure on C\j^{v), we have \C\j^{vY'\ = q^' . The result follows 
from the fact that z acts trivially on Z(L)°. ■ 

Moreover, since lyG(L) acts trivially on Z(Ij), wc have 
(15.6) = |Z(L)°-^| f'.\Z{Lf\. 



If ^ is a linear character of Z(G), we set : 



\m(F,Z(G)^, 

By 8.6, the characteristic function xe^,tp^ is a multiple of T^^,^- The isomorphism is 
determined up to multiplication by a scalar, we may, and we will, choose (f such that 



69 



In particular, it follows from Corollaries 6.12 and 8.7 that 



Our aim in this subsection is to determine the Lusztig restriction to of the function 
7^-, where C = C°hL • Fo'^ this purpose, we first compute its Harish- Chandra restriction to 
L using elementary methods. Then we use all the work done during this paper to deduce 
the general case. However, our result is known to be valid only if q is large enough. By 
[DLMl, Proposition 5.3], we have, for any z e H^{F,Z{G)), 

*^Lcp(7S)=7.': 



Hence, we get 



(15.9) *Rici'itx^ = tc 

Theorem 15.10. Let w e Wq^{L,v). Assume that p is good for G and that q is large 
enough. Then 

Proof - First, we determine the following scalar product 

If X is a non-trivial irreducible character of W^(L,v), then (A'x^.i^^, 7^-)qf = since 

the perverse sheaf K^. does not contain = {u)g in its support. Hence, for each 
w e W^{L,v), we have 

But, by Theorem 8.4, we have 

From this and from 15.8, it follows that 

(*) \z{Lr^\K = a<PtH){tzo *Rtitc^)G- 

for every w G Wq(L,v). 

Let us now use (*) in the case where w = 1. By 15.9, we obtain the following equality : 

So K, — q^' . Therefore, we deduce from (*) and this equality that 

In other words, 

(15.11) (7t:,, *Rt{t,c))o- = a^tH)\ClJvJ^\. 
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Since p is good for L and since the regular unipotent class of L supports a cuspidal local 
system, then all the irreducible components of the root system $l are of type A [Bon4, 
Corollary 1.1.4]. But, by [Bon3, Lemma 1.8.4 (b) and Corollary 6.2.2 (a)] and [Bon3'], 
*i?L,^(7^^) is a multiple of 7^2",C' "^^^^ completes the proof of the Theorem 15.10. ■ 

15. C. General Lusztig restriction. Let v'^^ — ni,'^{u). Since Lm and Lj^j are G- 

conjugate, there exists an element wm G ^g(^'mi^-'m) '^^'^^ element qm G G such 
that Lm = ^'^Lj^ and 5'm-F(5'm) = wm- Now, let zm denote the class of V^lj^ ^.('W^m) in 
H^{F, Z(Wl)) (note that the element (/^^^^^(w^m) belongs to ZiL'-j^), and we identify ZiL'^) 
with Z{M.)). Finally, let um,z denote a representative of the regular unipotent class of 
M-'^ associated to z e H^{F, Z{M.)) via the Lang Theorem. 

Theorem 15.12. Assume that p is good for G and that q is large enough. Then 

Proof - Since p is good and q is large enough, the Mackey formula holds in G by [Bonl, 
Theorem 6.1.1]. So the functions -Rm'(/)' where M' is an F-stable Levi subgroup of a 
parabolic subgroup of G and / is a unipotently supported absolutely cuspidal functions 
on M'^, span the space of unipotently supported functions on M^. So, it is sufficient to 
prove that 

(*) (*i?^(7„^), <'(/))m- = (7„^,.^, <'(/))m- 

for all such pairs (M', /). By adjonction, (*) is equivalent to 

(**) {*Rm'{lu ). /)m- = (*<'7.t,.^, /)m-. 

But, by [Lu4, Theorem 1.14 (b)], a basis of the space of unipotently supported absolutely 
cuspidal functions on M'-'^ is given by the characteristic functions of F-stable cuspidal 
local systems on F-stable unipotent classes of M'. So we may assume that / is such a 
characteristic function. If the unipotent class which is the support of / is not regular, 
then both sides of (**) are equal to 0. Therefore, we may assume that M' = 'Ly^i for some 
w' e W^{1., v), and that / = 7^j'^. 
First, 

7u ~ ^ ] 7u,^ 
and, for instance by [Bon3, 1.8.3 and Lemma 1.8.4 (b)], 

if ^ 7^ C- Therefore, by Theorem 15.10, 
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We consider now the Lusztig restriction from M to L^,,. First, note that 



Let Mo be a Levi subgroup of a parabohc subgroup of G conjugate to M. By Proposition 
1.13 (b), W^^(L,v) is a standard parabohc subgroup of W^(L,v). Therefore, we may 
write w' = W1W2 where Wi G W^^(L, v) and W2 is the image of under the morphism 
defined in §12. B. RecaU that wm G W^g (■'-'' been defined in the introduction 
of this subsection. 

By 15.4, by Theorem 15.10 apphed to M, and by [Bon3, 1.8.3 and Lemma 1.8.4 (b)], 
we have 




So, by Proposition 12.4, 



Therefore, by Corollary 4.7, 



By comparing (A) and (B), we get (**), so Theorem 15.12 is proved. ■ 
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